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K 3 SURFACES WITH INVOLUTION AND ANALYTIC TORSION 
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§1. Introduction 

In a series of works [Bo3-5], Borcherds developed a theory of modular forms over 
domains of type IV which admits an infinite product expansion. Such modular 
forms are said to be Borcherds’s product in this paper. Among all Borcherds’s 
products, Borcherds’s ^-function ([Bo4]) has an interesting geometric background; 
It is a modular form on the moduli space of Enriques surfaces characterizing the 
discriminant locus. In his construction, ^-function is obtained as the denominator 
function of one of the fake monster Lie superalgebras ([Bo2, §14]), although En¬ 
riques surface itself plays no role. After Borcherds, Jorgenson-Todorov ([J-T2,3]) 
and Harvey-Moore ([H-M]) discovered that the Ray-Singer analytic torsion ([R-S]) 
of an Enriques surface equipped with the normalized Ricci-flat Kahler metric coin¬ 
cides with Borcherds’s $-function at its period point. The goal of this paper is to 
give a rigorous proof to their observation and generalize it to an interesting class 
of K 3 surfaces studied by Nikulin ([Ni4]). Let us briefly recall these surfaces. 

Let ( X , l) be a K3 surface with an anti-symplectic involution. Let M be a 
2-elementary hyperbolic lattice. The pair (A, i) is said to be a 2-elementary K 3 
surface of type M if the invariant sublattice of II 2 (X. Z) with respect to the action 
of i is isometric to M. Since X/l is an Enriques surface when M = IIi 5 g(2), K 3 
surfaces of this class are a kind of generalizations of Enriques surfaces. (We denote 
by I P:q (resp. II M ) the odd (resp. even) unimodular lattice of signature (p,q)-) 
By the Torelli theorem ([P-S-S]) and surjectivity of the period map ([Tol]), the 
moduli space of 2-elementary K 3 surfaces of type M is isomorphic to an arithmetic 
quotient of an open subset of the symmetric bounded domain of type IV via the 
period map. The period domain is denoted by Qm, the modular group by Tm, 
and the moduli space by M° m — Here, T>m is the discriminant 

locus. Let X L be the fixed locus of l. Since only one of the irreducible components 
can have positive genus, g(M)(> 0), unless M = IIi 5 g(2) or IIi ; i © E$(—2), one 
can define a map j {) M : M.° m —> A 9 (m) to the Siegel modular variety by taking the 
period point of the Jacobi variety of X L . (If M = IIpi ®Es(—2), jM takes its value 
in S' 2 (Ai), the second symmetric product of A\.) Let A g (M) be the sheaf of Siegel 
modular forms of weight 1 on A g <M)- We define a T^-invariant sheaf on (an open 
subset of) 0^ by A m A Af/-valued modular form of weight p (with 

a character of T m) is said to be an automorphic form of weight (p. q ) in this paper 
whose Petersson norm is denoted by || • ||. 

In this paper, we focus on the Ray-Singer analytic torsion regarded as a function 
on the moduli space of K 3 surfaces. Since it coincides with (the Petersson norm 
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of) the Jacobi A-function for elliptic curves ([R-S]), it is natural to expect that 
it may yield an interesting modular form for K 3 surfaces ([J-Tl]). With small 
modifications, it is the case at least for 2-elementary K 3 surfaces. We introduce 
the following function (see §3) on the polarized period domain of 2-elementary K 3 
surfaces of type M ; 

14 -r(M) > - 

(1.1) t m (X,l,k) :=vo\(X,k) 8 k)vvo1(X 4 , k\ x >-) t(X l , k\ x <-)- 

Here k is an /-invariant Ricci-flat Kaliler metric of X, r(M) is the rank of M, 
t(X/l,k) is the Ray-Singer analytic torsion of orbifold (X/l,k) (or equivalently, 
the equivariant Ray-Singer analytic torsion of (X, l, k)) and r(X t , n\x<-) is that of 
the fixed curve (X 4 , «|x0- Note tdiat vol(X 4 , n\xfl and r(X L ,n\xfl are defined 
multiplicatively with respect to the irreducible decomposition of divisors. 

Theorem 1.1 (Theorems 3.4, 7.2, 7.3). Suppose that r(M) < 17. 

(1) tm is independent of a choice of Ricci-flat Kahler metrics and defines an invari¬ 
ant of a 2-elementary K 3 surface of type M. It descents to a smooth Tm- invariant 
function on Q° M VLm\Dm- 

(2) There exists an automorphic form, Am, for Tm of weight (r(M) — 6,4) such 
that tm — \\A m \\~ 1/4 and div(Ajw) = Dm- 

(3) If 5 is a root of M 1 - and (M © 6) is the smallest 2-elementary lattice containing 
M and <5, then A^ M ®s) coincides with the regularized restriction of Am to Ll( M ® 5 )- 

It may be worth mentioning that analogous statment is valid for theta divisors 
of dimension > 1 ([Yo2]). By (3), any Am is the regularized restriction of such 
As that S is root free. Therefore, it is important to know an explicit formula 
for them. By Nikulin’s classification, there are three such lattices up to isometry; 
S = Ai, II 1 ) 1 (2), II 1 j 9 ( 2 ). 

Theorem 1.2 (Theorems 10.1, 10.2, 9.3). 

(1) where A 6 is the discriminant of plane sextic curves, and is 
Borcherds’s product attached to the transcendental lattice and 0e 7 (t)/A(t). Here, 
Qe 7 {t) is the vector valued theta series of Ej-lattice and A(r) is the Jacobi A- 
function. 

( 2 ) AlJ i = A!( 2 )J- where A 44 is the discriminant of the linear system 
of bidegree (4,4) on P 1 x P 1 and 'I'nj ^ 2 )-“- is Borcherds’s product attached to the 
transcendental lattice and ? 7 (t) _ 8 ? 7 ( 2 t)~ 8 . Here, p(r) is the Dedekind g-function. 

(3) A Ul g ( 2 ) coincides with the Borcherds $- function associated to the fake monster 
Lie superalgebra of rank 10 up to a constant, and Af^ is Borcherds’s product 
attached to l 2 ,io( 2 ) and ?y(r) _ 8 ? 7 ( 2 r) 8 ? 7 ( 4 r) _8 . 

For the precise meaning of Borcherds’s products used in this paper, see Theorem 
8.1 and Definition 8.1. Concerning (3), another product formula can be found 
in [Bo5]. Jorgenson-Kramer ([J-K]) treat Borcherds’s ^-function from the view 
point of Green currents. Since Lefschetz fixed point formula in Alakelov theory is 
established by Kohler-Roessler recently ([K-R]), it will be possible to represent Am 
by Green currents. 

Among all the 2-elementary lattices, there are some interesting ones from the 
view point of Nikulin’s classification. As in the case of IIi ; g(2), Am for them is 
closely related to Borcherds’s theory ([Bol-5]). 
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Theorem 1.3 (Corollary 6.1, Theorems 8.2, 8.3, 9.4, 9.6). 

(1) If M = IIi i © E$(—2), one has = Cm 4' m ± ® j^-(AiA 2 ) where A, t is the 
Jacobi A-function in the i-th variable on Ai xAi, Cm is a constant, and m ± is the 
denominator function of a generalized Kac-Moody superalgebra. Moreover, 'I' M x is 
Borcherds’s product attached to the transcendental lattice and ©a 16 (t)/A(t). Here, 
0Ai 6 (r) is the vector valued theta series of the Barnes-Wall lattice. 

(2) If g(M) = 0, namely M 1 - = I 2 ,20-r(M)(2) (11 < r(M) < 17), A M is the 
denominator function of a generalized Kac-Moody superalgebra up to a constant. 
Moreover, A 2 M is Borcherds’s product attached to the transcendental lattice and 
? ?( T ) _8? ?(2T) 8 ?7(4r) _8 0A 1 (r) r ( M ) -10 where 0 a 1 (t) is the theta series of A\ -lattice. 

In view of Theorems 1.2, 1.3, it seems natural to conjecture that any Am in 
Theorem 1.1 is represented by Borcherds’s product and discriminant of curves. 
Compared to fake monster Lie algebras, generalized Kac-Moody superalgebras ap¬ 
pearing in Theorem 1.3 are not well understood. We shall show in Theorem 11.1 
and Corollary 11.1 that product of certain 10 theta functions on the domain of type 
/ 22 ([Ma]) admits Borcherds’s product which is analogous to Gritsenko-Nikulin’s 
product formula for Igusa’s modular form ([G-Nl]). We remark that Gritsenko- 
Nikulin’s An ([G-N3]) coincides with Am in (2) if r(M) — 17. It is a mystery why 
the Ray-Singer analytic torsion is related to Borcherds’s theory. (See [H-M] for a 
physical explanation.) In view of works by Bershadski-Cecotti-Ooguri-Vafa ([B-C- 
O-V]) and Harvey-Moore ([H-M]), it may be more natural to study the Ray-Singer 
analytic torsion of Calabi-Yau 3-folds associated to 2-elementary K 3 surfaces. (See 
[Be], [V] for these Calabi-Yau 3-folds.) 

Let us briefly describe the contents of this paper. In §2, we recall the theory 
of 2-elementary K 3 surfaces due to Nikulin ([Ni4]). In §3, we recall the theory of 
Quillen metrics due to Bismut, Gillet, Soule ([B-G-S], [Bi]) and apply it to derive 
the variational formula of Tm on Q ( Q. In §4, to study the degeneration of Ricci- 
flat Kahler metrics along the discriminant locus, we recall apriori estimates of the 
Monge-Ampere equations due to Yau ([Ya]). Following Kobayashi’s work ([Ko]), we 
apply them to construct an approximate Ricci-flat Kahler metrics for degenerations 
of type I. Using it, we shall show in §5 that Kronheimer’s ALE instanton can be 
used to compute the singularity of Tm■ In §6, we study the heat kernel of the 
ALE instanton and determine the singularity of tm along T>m■ Theorem 1.1 shall 
be proved in §7. We recall Borcherds’s theory ([Bo 1-5]) in §8,9 and apply it to 
determine the structure of Am for some M. We compute some examples in §10,11. 

Acknowledgements. The author is grateful to Professor R.E. Borcherds who 
kindly showed him how to construct \k M x in §6.2 from his ^-function of rank 26, 
and modular forms of type pM from those of higher level, to Professor S. Kondo from 
whom he learned the moduli space of lattice polarized K 3 surfaces, to Professor 
R. Kobayashi for teaching him degenerations of Ricci-flat Kahler metrics, and to 
Professor V.V. Nikulin and Doctor H. Imura for teaching him generalized Kac- 
Moody algebras. Without their helps, the present version would not exist. Together 
with above mentioned people, he is also grateful to Professors A. Fujiki, A. Matsuo, 
T. Ohsawa, K. Saito for discussions and suggestions. 
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§2. 2-Elementary K 3 Surfaces and its Moduli Space 

2.1 Moduli Space of K 3 Surfaces. A compact complex surface X is a K 3 
surface if and only if q(X) = 0 and Kx — Ox- The cohomology lattice H 2 (X, Z) 
together with the intersection product is isometric to Lks = II? 1 © A 8 (—l) 2 where 
E& is the positive definite A 8 -lattice. (For a lattice M, M(k ) denotes the lattice 
with (, ) M (k) = k{, )m, A(M) = {m G M; (m, m )m = — 2} the root of M, and Mr 
( resp. Me) the vector space M®M (resp. M®C). A sublattice M' C M is said to 
be primitive if M/M' is torsion free.) We denote by Picx := L/T^X, M) flP 2 (X, Z) 
the Picard lattice and by A(X) its root. By the Riemann-Roch theorem, A(X) = 
A + (X) |_J — A + (X) where A + (X) consists of effective classes. The Kahler cone 
of X is denoted by C~^ := {/c G H 1,1 (X, M); (tc, 5} > 0, Vc) G A + (X)} and its 
closure in M 1 ’ 1 (X, M) by Cx- Let fix ■ P 2 (X, Z) —> Lk 3 be an isometry. A pair 
(X, ©x) is said to be a marked K 3 surface. Two marked K 3 surfaces (X, < fix ) and 
(X', 4>x') are isomorphic when there exists an isomorphism / : X —> X' such that 
0x ° f * = 0x' • There exist the fine moduli space of marked K 3 surfaces. We briefly 
recall it ([P-S-S], [B-R], [B-P-V-V], [Be], [Mo], [Ni2,3] etc.). Define Q by 

( 2 - 1 ) 52 := {[77] G P(Lk 3 ,c); (v,v)l K3 = 0 , (v,v ) Lk3 > 0 }. 

For 77 G O, let C(rj) = {x G Lk3,m.‘, {%,v)l K3 = 0 , ( x,x)l K3 > 0 } be the positive 
cone over 77 which consists of two connected components; C(rj) — C(r/) + |J C{rj)~. 
Let S(rj) Lx 3 T\ , n ± be the Picard lattice over 77, A(rj) the root of S(rj), and h$ 

{x G L k 3)K ; (x, 5)l K3 = 0 } the hyperplane orthogonal to 5. Let C(rj)\ \J Se A( v ) h s = 
jj p Cp be the decomposition into the connected components. P is parametrized 
by the pair (C(p) + , Ap(rj)) where A p(rj) is a partition A(77) = Ap(rj) ]J — Ap(rj) 
with the following property: 

(PI) If 5 i, • • • , 4 G A £(77) and 5 = ]>T n i&% (w > 0 ), then S G A £(77). 

Set KQ := {(77, tc) G O x Lx3, r; tc G C(r/)} and 

(2.2) KQ° := {(77, «) G ATI; « G C(i ?)\ U 5eA(?7) /i 5 }, O := AO 0 / ~ . 

Here ( 77 , 7 c) ~ (rj', tc') when 77 = 77 ' and tc, tc' G Cp(rf) for some P. We denote by 
p : AO° —> O the projection map. Let 7 T : O —> O be the projection to the first 
factor. It is immediate by above construction that (1) O is a 11011 -separated smooth 
analytic space, ( 2 ) ir is etale and surjective, (3) 7 r —1 ( 77 ) = {P}; the set of all pairs 
(C(r]) + , A(r/) + ) where A(? 7 ) + satisfies (PI). 

For (77,7c) G AO°, put C(jj)f for the connected component containing tc, and 
A (77)+ := (5 G A(?7); (tc, S) > 0 }. Then, [(77,7c)] G O corresponds to (rj,C(rj)+,A(r})+). 

Let r/x be a symplectic form; H°(X, K \) = C rjx- Then, 7r(X, <fx) ■— [ 4 >x(vx)\ G 
P(Px3,c) is the period of (X,<f>x) which lies on O. Let Kx be a Kahler metric 
of X and identify it with its class in P 2 (X, R). The pair (X, Kx) is said to be 
a polarized A"3 surface and the triplet (X, <fix,Kx) a marked polarized A"3 sur¬ 
face. The polarized period point of (X, (j>x, Kx) is defined by 7r(X, 4 >x,Kx) 
([(frxivx)], 4 >x{kx)) G KQ° and the Burns-Rapoport period point by [tt (X, <fx, tcx)] G 
O. 

Theorem 2.1. There exists the universal family of marked K 3 surfaces over O; 

V : X —t such that the period map coincides with it : Cl —> O. 

Let M be a primitive hyperbolic sublattice of with signature (1 ,k). A 
marked K 3 surface (X,(f>x) is marked (ample) M-polarized if <)>x(Picx) A M (and 
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(j)x{Cx) fl Mr 7 ^ 0). As M is hyperbolic, a marked M-polarized K 3 surface is 
projective. Let N := M 1 - — {/ G A 7 ^ 3 ; (l,M) — 0} be the orthogonal compliment 
of M whose signature is (2,19 — k ). By definition, the period point of a marked 
M-polarized K 3 surface is contained in the following subset of D: 

(2.3) Q m ■■= {[v] e P(iV c ); (77,77 )jv = 0, (77,77)jv > 0}. 

Put C(M) := {x G Mr; (x,x)m > 0} or equivalently C(M ) = C(rj) fl Mr. Define 

(2.4) KQ m ■■= {([ 77 ], k) G AD; [ 77 ] G 0 M , G C(M)}, AD^ := AM 0 n AD M - 
Set Cl° M := KQ° m / ~ and Dm for the closure of Q° M in D. 

Lemma 2.1. For any 77 G D M , M fl C(M)\ \JseA( v )\A(N) h & ^ 0- 

Proof. If Mq fl C(M)\\J SeA{v)XA{N) h 6 = 0, then C(M)\\J SeA{r) ^ A{N) h s = 0 
and thus there exists S G A(rj)\A(N) such that Mr C / 15 . This implies that 
5 G M 1 - — N and contradicts the choice of h. □ 

Let Hi {[ 77 ] G D; (t),1)l K3 = 0} be the hyperplane defined by l G Lk 3 - We 
define the discriminant locus and an open subset by 

(2.5) V M LLgA (n)Hs, LI° m := D m \'Dm- 

Let 7 r m ■ D° f —> Ll° M be the period map restricted to Ll° M . By Theorem 2.1 and 
Lemma 2.1, we get the following. (See [Ni2,3] for the detail.) 

Theorem 2.2. is the fine moduli space of marked ample M-polarized K3 
surfaces whose period map is ttm■ The universal family Vm '■ Dm obtained 

by putting X l fi := X \^ 0 and Vm V\x° 4 ■ 

We are now interested in the boundary of in Dm and the family of marked 
M-polarized A"3 surfaces over it. For 5 G A (AT), put H® := H$\ UdeA(iV)\{±< 5 } H d ■ 

Lemma 2.2. Let 5 G A (N), 77 G H® and k G M DC(M)\ UdeA(? ? )\A(A 0 ^d- Then, 

A(rj) — Afi(rj) [J — A+(? 7 ) I_|{±<5} where A+(rj) — {d G A( 77 ); (k, d) > 0}. We put 

Ai ( 77 ) := A+ ( 77 ) U(h} and A%(-q) := A+(rj) LJ{—A}. Then, Af(-q) satisfies (P). 

Proof. Suppose that d G A(rj)\A(N). Then, either (k, d) > 0 or (k, d) < 0 because 
« £ Us'EA(n)\A(N) h S'- This implies A(rj)\A(N) = A+(rj)\J-A+{rj). Suppose 
that d G A( 77 ) fl A (N) which means d G A (N) and 77 G Hd- By the choice of 77 , 
d — ±5 which prove the first assertion. Since the Weyl group W(rj) acts properly 
discontinuously on C(rj), there exists a small neighborhood K of k in C(rj) such 
that Sd{IL) flit / 0 for d G A( 77 ) means d — ±5 where Sd is the reflection in d. 
Thus there exists eo > 0 such that for any 0 < e < eo, k + eh G V(r])\ (JdeAfjU ^ d■ 

Clearly, A+( 77 ) |_|{—<5} — {d E A(r]); (n + eh,d) > 0}. Similarly, A+( 77 ) is the 

partition associated to n — eh. □ 

Let D be the unit disc and 7 : D —> Dm be a holomorphic curve which intersects 
transversally H ° at 770 = 7(0). For 770 , let k and P t = Af ( 70 )) be the same 

as in Lemma 2.2. Set k 1 := k — eh and K 2 := k + eh. Let r t (i = 1, 2) be the points 
in Dm such that 7 = ( 770 , C(r]o) + , Af(r] 0 )). Let A be a small neighborhood of r/o in 
Dm, and U t a neighborhood of T t in Dm such that it : Ui —> U is an isomorphism. 
Let 7 i (^Ic .^) -1 o 7 : D —> Ui be the lift of 7 to Ui such that 7 i( 0 ) = r t . Let 
(Xfifil) be the marked A"3 surface corresponding to 7 fit) and rjt = 7 r(X), (f )\) its 
period. From construction and Burns-Rapoport’s lemma ([B-R], [Mo, pp.306]), it 
follows that (^) _ 1 (k) is an ample class of X\ and 71 ft) = 72 (t) for t 0. 
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Lemma 2.3. Let C$ (resp. Cfg) be the effective cycle on X g (resp. XqJ such 
that ())q(CI) — 5 (resp. <f>Q(Cf s ) = —5). Then, C] (resp. C( s ) is an irreducible —2 
curve. 

Proof. We only prove the case i — 1. Since {k, d) > 0 for any d G A^ryo) and 
{k, k) > 0, ((/>q) _ 1 (k) is a pseudo-ample class ([Mo,§5]). As (k,S) = 0, C\ consists 
of a chain of —2-curves by Mayer’s theorem ([Mo, §5]). Since Cg is effective, we can 
write Cg — j ftijEj where Ej is an irreducible — 2 -curve such that {k, (fl(Ej)) — 0 , 
and nii G Z+. Suppose Cg is not irreducible. Then, E\ C Cg. This implies 
0o(-Ei) £ A(? 7 o) H «■*■. By Lemma 2.2 and effectivity of Ei, <f>o(Ei) = 5. Thus, 
Cg = Ei and contradicts the assumption. □ 

Let 7Tj : 7 * A —> D be the pullback of the universal family by 7 ,. Recall that 
a compact complex surface with at most rational double points is said to be a 
generalized K 3 surface when its minimal resolution is a A'3 surface. 

Proposition 2.1. There exists a family of generalized K 3 surface n : y —>► D, a 
contraction morphism hi : 7 * A —> y which commutes with the projections, and a 
birational map e : 7 ^X --■> 72 X such that 

(1) b\ (resp. b 2 ) is the blow-down of Cg (resp. Cf s ) to a point o, 

( 2 ) e : Xq\C$ —»• Xq\C f s is an isomorphism such that b\ = 62 0 e, 

(3) e zs the identity map on X t for any t 7 ^ 0, 

(4) On Xpo and ^" 2 , 0 , 4>i 0 e* = W 5 o <f> 2 where ws is the reflection in 5. 

(5) ((V, 0 ) and (Yq, o ) are nodes of dimension 3 and 2 respectively. 

Proof. See [Mo, §3 Cor.2] and [Be, pp.143 Remarques]. □ 

Lemma 2.4. There exists an embedding j : y —> P A ' x D such that (1) n = pr 2 o j 
(2) (fl(ci(b*OpN(1))) = rri k for some m G Z + and any fiber of tt^. 

Proof. Let Li —> 7 *A be the holomorphic line bundle such that <^(ci(Lj)) = k 
for any fiber of 7 Tj. There exists m S> 1 such that the linear system |L*| is very 
ample on X[ for t f 0, and is base point free and an embedding modulo Cf ; 
d’lmLii x 7 Tj : 7 *A ■—> x D. By construction and Proposition 2.1, we get 
y = ( $ |mLj x TTi)( 7 *A) and L™ = $* mLi| C> P iv( 1 ). □ 

2.2 2-Elementary K 3 Surfaces and 2-Elementary Lattices. For a lattice 
M, we denote by M v its dual lattice relative to the quadratic form of M. A(M) := 
M v /M is called the discriminant group. A lattice M is said to be 2-elementary 
when A(M) = (Z/ 2 Z) z(M ) for some l(M) G Z> 0 . We denote by r(M) the rank 
of M. Let S(M) be the parity of the discriminant form ([Nil,4]). By Nikulin, the 
triplet (■ r,l,S ) determines the isometry class of 2-elementary lattices ([Nil]). 

Let M be a primitive hyperbolic 2-elementary lattice of La' 3 - X is also 2- 
elementary and there exists a natural isomorphism between A{M) and A(N). Con¬ 
sider the sublattice L' M © N and the involution Im on L'; 

(2.6) I M (x, y ) = (x, -y) (x G M, y G N). 

As Im uniquely extends to an involution of Lk 3 , identify Im with the extended 
one. By construction, M is the fixed part and N is the anti-fixed part; 

M = {l G L; I M (l ) = /}, N = {/ G L; I M (l) = -l}. 
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(2.7) 



I M induces an involution on O by /(X, <f>x, Kx) — (X, Im° ( I ) x , «x) where (X, <fx, Kx) 
is a marked polarized JC3 surface. Let $ : R 2 —> L ^3 be the global trivializa- 
tion of the second cohomology group. (Thus $| <x,<j> x ) — &X-) By the universality, 
there exists an involution lx ■ X — > X such that the following diagrams commute; 


(2.8) 


X 


l-x 


V 


Q 




a 


R 2 V*Z 
$ 

Lk 3 


Im 


R 2 V*Z 


Lr 3 


By construction, Q° M is contained in the fixed locus of I. Put Lm := ix\x M - 
By (2.8), Lm is an involution over X^ which induces an involution on each fiber 
(X, (fix) such that <f>x ° i* M — Im ° 4 >x- In this way, associated to the 2-elementary 
primitive hyperbolic lattice M, any fiber of Xf r is a K 3 surface with an anti- 
symplectic involution. Here, an involution i : X —> X is anti-symplectic when 
L*r/x — —rjx ■ For a pair (X, a) of K 3 surface and its anti-symplectic involution, 
put H 2 {X, Z)± = {l G H 2 {X , Z y,L*x(l) = ± 0 - 

Definition 2.1. A pair (X, lx) of a K 3 surface and an anti-symplectic involution 
is said to be a 2-elementary K 3 surface of type M if there exists a marking <fx such 
that <f>x ° I'x ° ^x 1 = -Im? or equivalently (fx{H 2 {X, Z) + ) = M. Two 2-elementary 
K 3 surfaces (X, l), (X', d) are isomorphic if there exists an isomorphism f : X —> 
X' such that foi — dof. Marking as above is said to be a marking of 2-elementary 
K 3 surfaces of type M. 

The following is clear by Theorem 2.2 and above argument. (See [Ni2-4].) 

Theorem 2.3. Q° M is the fine moduli space of marked 2-elementary K 3 surface of 
type M and Vm '■ (Xj^, lm) —^ Ll° M is the universal family. 

Let T(M) (resp. T m) be the following subgroup of O(Lkz) (resp. O(N)); 

(2.9) T(M) := {g e O(L), I M o g = g o I M }, V M ■= {g\N] g 

Then, T(M) acts on Q° M and Tm acts on Q° M by g ■ [(t),k)] := [(gr),gn)\ and 
( 9 \n)v = 9 V respectively. By the global Torelli theorem, two 2-elementary K 3 
surface of type M are isomorphic if their period points in Q 1 ^ lie on the same 
T(M)-orbit. The following theorem can be proved in the same manner as the proof 
of weak Torelli theorem and surjectivity theorem for the period map of Enriques 
surfaces ([Na, Corollary 4.14 and Theorem 7.1]). 

Theorem 2.4. Via the period map ttm, LI° m /T(M) = VL° m /Tm- 

Since Vm is an arithmetic subgroup of 0(2, 20 —r(M)), and IIm is two copies of 
the symmetric bounded domain of type IV, both VLm/Vm and Q° M /T m are quasi- 
projective algebraic variety by Baily-Borel. Dehne modular varieties by 

(2.10) Mm := LIm/Vm, M° m ■= ^/T M - Cl° M /V (M). 

By Theorem 2.4, M° m is the moduli space of 2-elementary K 3 surfaces of type 
M. To see what happens on the involution along the generic point of discriminant 
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locus, let 7 Tj : 7 * A —> D be the same as in Proposition 2.1, and I, lx as in (2.8). 
As I o'yi = 72 , it follows from the universal property of V : A —> Q that induces 
an isomorphism between ( 7 Ti, 7 ^ A, D) and ( 712 , 72 A, ZD). Namely, I o tt± = 7 T 2 o Lx ■ 
Thus, by Proposition 2.1, there exist two (rational) maps e and Lx between 7 ^ A and 
72 A. Then, L\ e~ x o i x : 7 ^ A\C^ —» 7 j‘A\C'j extends to a rational involution 
of 7 i A which commutes with the projection. 

Proposition 2.2. There exists a holomorphic involution Ly : y —> y which com¬ 
mutes with the projection it : y ► U such that Lx — bf 1 o Ly o hi on r )*X\C$. 
Namely, 717 : 7 ^A^^o} — 1 > -D\{0} extends to the family it : y —► D by contracting 
C\. The central fiber Y 0 is a generalized K 3 surface with one node o on which Ly 
induces an anti-symplectic involution. Moreover, o is a fixed point of Ly. 

Proof. Put Ly bi o l\ o bf 1 . As 61 is a regular involution over 7 *A\Cj, Ly is an 
involution over 3A(°} where o — bi(C$). By putting iy(o) — o, Ly extends to an 
involution over y. Since ( y , o) is normal by Proposition 2.1, Ly is regular. □ 

For a 2-elementary K 3 surface ( X , 1 ) of type M, let X L be the fixed locus; 
X L {cc G A; l{x) = x } consisting of disjoint union of finitely many smooth 
curves. Nikulin determined the topological type of X L ([Ni4]). 

Theorem 2.5. Let M be the lattice of Nikulin type ( r,l,S ). Then, 



' (1) 

0 

(' r,l,S) = 

= (10,10,0) 

X L = < 

(2) 

c[ 1] + 

(' r,l,S) = 

= (10,8,0) 


, (3) 

C(9(M)) _|_ Ei 

(r,l,S)^( 10,10,0), (10,8,0) 


where is a smooth curve of genus g, and Ei is a smooth —2-curve. In (3), 
g{M) = (22 — r — 1)1 2 and k(M) — (r — /)/2. 

Let 7 r : y —> U and iy be the degenerating family of 2-elementary K 3 surfaces 
of type M considered in Proposition 2.2. Set Y 0 for the central fiber. Since the 
embedding dimension of (To, 0 ) is 3 an d o is a fixed point of Ly, ( Lyfi) 0 induces an 
involution on C 3 . As ty is anti-symplectic, det( 6 y *) 0 = —1 and (iy *) 0 is expressed 
by the diagonal matrix with eigenvalues as follows in a suitable coordinates; 

(2.11) Type (0,3): (-1,-1, -1), Type (2,1) : (1,1, -1). 

As (y, o) is a node, by a careful look at the morsification procedure, we get the 
following. 

Proposition 2.3. Let Z be the fixed locus of (y, Ly). 

(1) In case of type (0, 3 ), o is an isolated point of Z and there exists a neighborhood 

V of o such that ir(x, y, z,t) — t and Ly(x, y, z, t) — (—x, —y, —z, t), 

(3V, o) = {(x,y,z,t); xy- z 2 - t 2 = 0}. 

(2) In case of type (2,1), Z has a unique node at o and there exists a neighborhood 

V of o such that ir(x, y, z,t) = t and Ly(x, y, z, t) — (—x, —y, —z, t), 

(y\v, o) = {(x, y, z , t); xy - z 2 - t 2 = 0 } 

For a 2-elementary primitive hyperbolic lattice M and 5 G A (IV), set (M © S) 
for the smallest 2-elementary primitive hyperbolic lattice containing M and 5. It 
follows from definition that A((M © h) -1 ) = V fl A (N) and Hg D Om = ^(m©< 5 )- 



Lemma 2.5. For the family n : y —> D in Proposition 2.2, ip bf 1 (iy\Y 0 )bi 
extends to a involution on the minimal resolution Xq, and (Xq, Iq) becomes a 2- 
elementary K 3 surface of type (M © 6). 

Proof. By Proposition 2.3, it is clear that Lq extends to an involution on Xq. Let (pi 
and <f >2 t> e the marking as in Proposition 2.1. By Proposition 2.1 (4) and Definition 
2.1, we get ^(ilYcpi = (cpf 1 P M (p 2 ) ° {(pf 1 { e ~ 1 )* ( Pi) = Im ° w§. Since 5 _L M, we 
get I M o wg — wg o I M and Im °ws — I{m®6)- D 

Let := & g /Sp(2g;Z) be the Siegel modular variety. (When g — 0, A g is a 
point.) We denote by A* and Xi* M the Satake-Baily-Borel compactification. Let 

C = Y^i =i C? be a disjoint union of smooth curves and Jac(Ci) the Jacobi variety 
of C\. Put [Jac(C)] := ([Jac((7i)], • • • , [Jac(Cj)]) G A gi x • • • x A gi where [Jac (Cj)\ 
is the period of Jac {Cf). By Theorems 2.4 and 2.5, we can dehne a morphism 
j° M A 9 (m) as follows. 

Definition 2.2. j° M : M° m 3 [(X, Lx)] —» [Jac(X t )] G A 9 (m)- When (■ r,l,8 ) = 
(10,10,0), j {) M is defined to be the constant map. When ( r,l,S ) = (10,8,0), jfj 
takes its value in S' 2 (^4i), the second symmetric product of A\. 

Proposition 2.4. jfj extends to a rational map jjM '■ Ai* M ©<M) Vr < 17. 

Proof. Since Xi* M and A*^ M ^ are projective algebraic varieties, it is enough to 
show that j m extends to a morphism from an open subset V of M.m such that 
codim M-mYY > 2 because the boundary components of A4* M have codimension 
> 2 when r(M) < 17. Put V = Xi° M U UieA(Af) Take a point r/ G H and 

its small neighborhood U. By Proposition 2.2, we have a family of 2-elementary 
K 3 surfaces of type M whose fiber over U fl Hs is a generalized K 3 surface with 
an anti-symplectic involution. Let (X r/ , / , ; ) be the corresponding generalized K 3 
surface with involution over r/. Let X^ be the fixed locus and XL its normalization. 
Define jM^X^,^) := [Jac(X^)] G A* g , M y Since X^ has at most a node, it is well 
defined and gives an extension of Jm to U. As ju is defined on U\Hs , its extension 
to U is unique. This proves that j° M extends to V. □ 

Proposition 2.5. For 5 G A(IV), Jm\h° =J{m,s)- 

Proof. Take a point //o G //)' and its small neighborhood U in Qm- Let U C Dm 
be a lift of U such that Q° M is dense in U. Let ir' : y —> U and tc' : Z —> U be the 
family of 2-elementary K 3 surfaces and its fixed locus. By the period map, identify 
U with U. Then, over U fl H a fiber of y is a. generalized K 3 surface with an 
anti-symplectic involution. Take r G U fl H Let (Y r , t r ) be the fiber over r and 
Z T its fixed locus. Let p : Y r —> Y r be the minimal resolution of Y r . By Lemma 
2.5, Z T := p _1 o l op extends to an involution over Y T . Set Z T for the fixed locus 
of (' Y t ,l t )■ By Proposition 2.3, Z T = Z T + E when (y,o) is of type (0,3), and 
Z T = Z T is the normalization when (y,o) is of type (2, 1). By definition, we find 
that j {M ,s) = j\H° on U. □ 
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§3. An Invariant of 2-Elementary K 3 Surfaces 

3.1 Determinant Bundles and Quillen Metrics. Let ( M,g ) be a compact 
Kahler manifold on which acts a finite group G holomorphically and isometrically. 
Let q be the Laplacian restricted to the space of G-invariant (0, g)-forms and 
Q{) q{s) be the spectral zeta function of □g( , which is regular at s = 0. Co q (s) is 
nothing but the spectral zeta function of the orbifold (M/G,g). 

Definition 3.1. The Ray-Singer analytic torsion of (M/G, g ) is defined by 


t(M/G, g) := JJ(det D^) ( 1)?(? , det := exp 
<?>o 



Let 7T : X —> 5” be a proper smooth morphism of Kahler manifolds on which 
acts the finite group G holomorphically. Assume that G preserves the fiber of 
7r. An equivariant determinant of cohomology is a line bundle on S defined by 
X(X/S , G) := <S>q>o (det Rq71*Ox)( ^ • Here the fiber at s of the sheaf R q G n*Os 
is the equivariant cohomology group H q (X s , Ox s ) G = H q (X s /G, O x ,/g)- I n the 
sequel, we assume that a G-invariant Kahler metrics gx/s is equipped on the relative 
tangent bundle TX/S := ker7r*. Namely, gx/s is a family of G-invariant Kahler 
metric g t := gx/s\x t - Via the Hodge theory, the fiber of 7r is identified with 
the determinant of G-invariant harmonic forms which induces the L 2 -metric on 
A (X/S,G). We denoted it by || • \\ ( f 2 . 

Definition 3.2. The Quillen metric of X(X/S,G) relative to gx/s ^ defined by 
II ' IIqW :=T(X t /G,g t ) • || • || %{t). 

Let X g = {i6l; g(x) = x} be the fixed locus of g, Rrx g /s the curvature form 
of (TXg/S, gx/s\TX g /s)i R N Xg/x the curvature form of the relative normal bundle 
( N x g /x,9x/s\N Xg/x ), and exp (iOj) an eigenvalue of gN Xg/x ■ Let Td(A) and e(A) 
be the Todd and Euler genuses i.e., Td(A) = det(A(l — e - " 4 )^ 1 ) and e(A) — det (A). 
The following theorems are due to Bismut ([Bi]) and Bismut-Gillet-Soule ([B-G-S]). 
(Although detailed proof of Theorem 3.1 is not written in [B-G-S], it can be proved 
in the similar way as in the case G = {1}. Details are left to the reader. We refer 
to Kohler-Roessler’s paper ([K-R]) for further generalizations.) 

Theorem 3.1. The Chern form of X(X/S,G)q (X(X/S, G), || ■ ||q) is given by 
Cl (\(X/S, G)q) = MTd 9 (TX/S,Sx/s))* 1 ’ 1 ). 

geo 


Here Td g (TX/S,g x /s) ™ the g-Todd genus of (TX/S,g X /s); 

Td g (TX/S,g x/ s) = Td(V flrv</s ) n « =1 (Td/e) (^Rn x „, x +10,). 

Theorem 3.2. Let gx/s an d 9x/s h e G-invariant Kahler metrics on TX/S. Let 
|| • ||q and || ■ ||q be the Quillen metrics of X(X/S,G) relative to gx/s an d d'x/s- 
Then, 

log ({[tjI) = p E ^(^( TX IS-,axis,g'xis)) im 
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where Td g (TX/S] gx/Si 9x/s) * s ^ e Bott-Chern secondary class associated to the 
g-Todd form and g x /s, d'x/s • D 

3.2 An Invariant via Analytic Torsion. Let (A, t, k) be a 2-elementary K 3 
surface with /-invariant Ricci-flat Kahler metric k and symplectic form T) X ■ The 
space of L 2 -(0, g)-forms splits into L 2 (X, A 0,9 )± = {/ G L 2 (A, A 0,9 ); l* f = ±/}. 

Let be the Laplacian restricted to L 2 (X, A 0,q )±. By definition, the Ray- 

Singer analytic torsion of (X/i, k) is given by t(X/l, k) = det D^ 2 /det D^’ 0 because 
C+°( s ) — C+ ,:l ( s ) +C+ 2 ( S ) = 0 where C± 9 ( s ) is the zeta function of Since yx is 
a parallel section such that t* rjx — —rjx, multiplication by rjx induces an isometry 
between (L 2 (X, A 0,0 )_, A 0 .’ 0 ) and (L 2 (X, A 0,2 ) + , A^ 2 ). Thus, we get the following. 

Lemma 3.1. t(X/l,k) = det D 0 ^’ 0 / det D^ 0 . 

Let p : ( X , l) — > S be a family of 2-elementary K 3 surfaces of type M and 
p : Z —> S be the fixed locus. By Theorem 2.5, Z decomposes into Z = JT Ci 
where p : Ci — ■> S is a family of curves over S. Let g x /s he a family of Ricci-flat 
Kahler metrics such that i*g x /s = gx/s- Set gci/s 9x/s\c,js for the induced 
metric on TCi/S and gN c /x for the induced metric on the relative normal bundle 
Nci/x which is defined by the following exact sequence; 

(3.1) 0 —► TCi/S — TX/S\ Ci —► N Ci/x — 0. 

We define four smooth functions over S as follows; 

t(X/l/S , g X /s)(s) := t(X 8 /l, g 8 ), r{Ci/S, g Ci /s)(s) := T(C ijS , g Cit J, 
vol(A/S,£ X/5 )(s) := vol(A s ,^ s ), vol(C' i /S')(s) := vol(C i)a , g Ci , s )- 

By construction, the following is clear. 

Lemma 3.2. 

c\(X/S, gx/s)\ci/s = ci (Ci/S, gci/s) + c i{N Ci /s, 9 n c . /s )- 

Proposition 3.1. 

[Td.(X/S, , x/s )] <2 ' 2) = X |i d (X/S,g x/s ) c,(0/S, cfc./s) - T d(Ci/S, <fc,/s) 2 } . 

Proof. Put x = Ci(Ci/S, g Ci /s) and y = c^X/S.gx/s) ~ Ci(C t /S, g Cz /s)- By 
definition, (Td/e)(y + ni) = (1 + exp(—y)) _1 . Since 

I. Td 1 v 

(3.3) Td(x) = 1 + - + — + 0(x 3 ), —(y + 7ri) = - + j + 0(y 3 ), 

we get the assertion by the definition of equivariant Todd form in Theorem 3.1 
together with (3.3). □ 

Let rjt be a symplectic form on X t depending holomorphically in t G S and Kt be 
a Ricci-flat Kahler metric on X t depending smoothly in t. Put ||? 7 t|| 2 = f x rjt ArJ t . 
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Lemma 3.3. 


«? = fit) Vt A rj t , f(t ) = vol(X t , « t )/||? 7 t|| 2 . 

Proof. Since is Ricci-flat, there exists a constant C/ such that iff — C t rj t A rj t . 
Integrating both hand sides, we get the assertion. □ 

Let Om be the period domain of 2-elementary K 3 surfaces of type M. Let lum 
be its Bergman metric and K m(z. z) its Bergman kernel function; 

(3.4) uj m {z) = dd log K M iz,z), K M (z,z) = 

27T \{zJm)n\ z 

where Im £ Nc is a vector such that Hi m is the hyperplane at infinity of P(7Vc). Let 
7 t : S —> PLm be the period map. Since tt*um = Bm log \\vt\\ 2 by Schumacher’s 
formula ([Sch], [Ti], [To2]), we get the following by taking ^-BmBm of Lemma 3.3. 

Proposition 3.2. 


d(X/S,g x /s) = ~P* 


% — 

TT*u M + —B M B M log vol(X/ S, g x /s) 


Proposition 3.3. 

\ [p.Td (X/S,g x/s ) +p.Td,(X/S,g x/s )f A> 

= r PP —- (-7T ’uiM + Z-dd\ogwo\(X/S)\ - i ^p.Td^j/S.jc./s)* 1 ’ 11 . 


Proof. Since x(Xt) = 24, it follows from Proposition 3.2 and the projection formula 
that 

f>,Td(X/S,jx,s) (I ' 1) = i- [p,c 1 (X/S,gx,s)c2(X/S,g x/s )\ (1 ’ 1) 

(3.5) 24 

= -77*UJM + 7 z-d M d M log vol(X/ S). 


As f c c\(Cij) — 1 — g{Ci t t), we get by Proposition 3.1 and the projection formula, 

(3.6) ^ 

p.Td.fV/S.gx/s)* 1 ’ 1 * 


= V * 


% c ii c i/ S ’ 9Ci/s)p*+ ^d M d M \ogvol(X/S)) - —aiCi/S^Ct/s) 


12 


£ 


i - g(a) 


-7 t*um + ^ d M d M log vol(X/ S ) | - J>*Td(CyS, <7 Ci /s) (1,1) - 


It follows from Theorem 2.4 that 1/2 + JT(1 — g{Cf))/ 8 = (r(M) — 6)/8 for any 
M which, together with (3.5-6), yields the assertion. □ 
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Definition 3.3. For a 2-elementary K 3 surface of type M with an i-invariant 
Ricci-flat. Kahler metric k, we define tm by 


y v ( ( 14— r(M) t x j j ^ ,1 / , ,, 1 

tm(X, t, k) := (k, «) § r(X/t, k) J_J_(C'i,K)2r(C' i ,K|c'J 5 - 

i 

Let r M/s be the function defined by r M /s(s) = r M (X s , t s ,g Xs )- Let j Ci /s ■ S 3 
s —> [Jac((7i jS )] G ^fg(Ci) be the period map. Let cu Ag be the Bergman metric of A g 
and K A (r) the Bergman kernel of A g ; 

(3.7) u Ag (r) = T^drdr log K Ag (r), I< Ag (r) = det Imr. 

Theorem 3.3. 

i a n i r(M) - 6 * 1 •* 

—d s d s log t m/s = ---7T w M - 2 Z^ J Ci/sVA g{M) - 


Proof. Consider the family p : X —> S'. Put G = {1, t}. Since Fl q (X sl Ox a ) G = 0 
for g > 0, it follows that A (X/S,t) — Os Is where I 5 is the canonical section of 
RqP*Ox such that ls(s) = 1 in H°(X S , Ox s ) G ■ Since the squared Quillen norm 
of I 5 is t(X/l/S) vol(X/S), it follows from Theorem 3.1 and Proposition 3.3 that 
(3.8) 

^-ddlog t(X/l/S) vol (X/S) 

2tc 

= ^1 7 T *U M + log vol(X/ S) | - i Y^P* Td ( C i/S, gCi/s) {1 ' 1} ■ 


Fix a marking of the family of curves p : C t —> S. Let T(Jac(Gi jS )) G & g (Ci) be 
the period matrix of Jac(Gi )S ) relative to this marking. Let T(Ci/S ) be a function 
with values in & g (Ci) defined by T(Ci/S)(s ) = T(Jac(Ci ;S )). Theorem 3.1 applied 
to p : Ci —> S yields 


( 3 . 9 ) ^-ddlog{T(C z /S)vol(C l /S)detImT(J(C z /S))} = p*Td(C i /S,g Ci /s) {1 ’ 1) - 


which, together with (3.8) and dd log det Irri T{Ci / S) = j*uj Ag[C ) , proves the 

assertion. □ 


Theorem 3.4. tm{X, l, k) does not depend on k, and becomes an invariant of a 
2-element.ary K 3 surface (X,t). 

Proof. Let k 0 and k\ be two invariant Ricci-flat Kahler metrics of (X. / ), and 
set T(X,l,k) := vol(X, K)( r(M >- 6 )/ 8 Tm (X,l,k). Let l x G H°(X,O x ) = A 

I ^ G Pf°(Ci,Oc i ) and a t G det H°(Ci, fljb) be the generators of each line. Let 

II • || q, K j be the Quillen metric relative to Kj. Since the L 2 -metric on det H°(Ci, fljb ) 
is independent of a choice of Kahler metric, it follows from Theorem 3.2 that 


r ( x, t , K0 ) ||ix"L , 0 + 

S T(X, l ,K 1 ) g ||lxll^, 2 


?E lo « 


ll 1 ^ ® ct^IIq, 


« 0 


L Ci 


CTi 


\Q,ki 


\ I Td(X;K 0 ,«i) + f Td t (X;K 0 ,Ki) f 

J X J Ci Ci 


Td (Cp, K 0 , ki). 


13 


(3.10) 



Since Td(X)_^ C i(X) C2 (X)/24, Td t (X) = ^ ci(X) c 2 (C' i )/8 - c 1 (C' i ) 2 /12, and 
Td(C'i) = ci(C' i ) 2 /12, we get 


(3.11) log 


T(X, l, kq) _ 1 
T(X, l, K\) 48 


I cic 2 (X)(/c 0 , hi) + — Si Ct(X) Ci(Ci)(K0 , /Cl). 


By Yau’s theorem ([Ya]), there exists a family of Ricci-flat Kahler metrics K t (0 < 
t < 1) joining /Co and /ci. Let r/ be a fixed symplectic form on X. As in Lemma 3.3, 
put f(t ) = vol(X, )/1|^71| 2 - Let L t — nf l kt be a section of End(TX) such that 
Kt(L t u,v ) = kt(u,v). By Lemma 3.3, we get Tr/c/ 1 /^ = dt log/(f) which, together 
with the Bott-Chern formula ([B-C], [B-G-S, I, e)j), yields 


CiC 2 (X)(/C 0 , /d) = 


(3.12) 


ix 



'X Jl 

fO 


° d 
dt — 
de 


ci(R t + 6K t 1 k t )c 2 {R t + en t 1 k t ) 


-l • 


e=0 


d 


= / dt—log f{t) / c 2 (Rt) = 24 log 


(3.13) 

[ Ci(X)ci(Ci)(K 0 ,Ki) = 


dt 


r0 , d 
dt 


ix 


Vol(X, K o) 
vol(X, /«i) ’ 


'Ci 


>Ci Ji 


de 


ci(R t + €K t 1 k t ) Cl I i?(Gi) + e 


e=0 


«t Ci 


d 


= / dt— log/(t) / ci(R t {Ci)) = x(C'i) log 


dt 


'Ci 


Kt\C ., 
vol(X, «p) 
vol(X, /ci) 


where is the curvature of (X, /c*) and R t [Ci ) of (C*, /C/lcJ- By (3.11-13), we get 

T(X, l, /c 0 ) r(M) - 6 vol(X, /c 0 ) 


(3.14) 


log 


T(X, /, /ci) 


log 


vol(X, /ci) 


which, together with the definition of T(X, t, /c), yields the assertion. □ 

Let r M be the function on Q° M defined by tm(X, </>, i) tm{X, t). By Theorems 
3.3 and 3.4, tm is a smooth r(M)-invariant function on Tl° M , and thus descends 
to a r^-invariant smooth function (denoted by the same symbol tm) on by 
Theorem 2.4. Applying Theorem 3.3 to the universal family, we get the following. 

Theorem 3.5. tm descends to a smooth Tm- invariant function on Q° M and sat¬ 
isfies the following variational formula: 


X — 

—dd log t m 
Ztx 


r(M) - 6 1 .* 

g 2 J M^Ag(M)' 


14 



;4. Degeneration of K 3 Surfaces and Monge-Ampere Equation 


4.1 Apriori Estimates for the Monge-Ampere Equation. Let (X, k) be 

a compact Kahler surface. Let F G C°°(X) be a given function and p G C°°(X ) 
satisfies the following complex Monge-Ampere equation; 

ddp'j — e F n 2 , J pn 2 —0, k + -^-ddp > 0 . 

Put k' := k + f^ddp for a new Kahler metric. Let A (resp. A') be the Laplacian 
relative to k (resp. n '). Let R = ( Rfjki ) be the holomorphic bisectional curvature 
of (X, k). Let V be the volume of (X, k), A > 0 the first eigen value of A, and S 
the Sobolev constant of (X, n); ||/||ip < S , (||c //|| L 2 + ||/||l 2 ) (V/ G C°°(X)). For 
/ G C°(X), we denote by \f\oo the sup-norm. 

Proposition 4.1. 

(1) If F |oc < 1, |<^|oo < C(S, A -1 , V) |F|oo where C(x,y,z ) is bounded if all of 
x , y, z are bounded. 

(2) There exist Ci = Ci{\ Af^oo/li^oo, |F|oo, l^lool^loo, S, A -1 , V) (i = 1,2) such 
that Ci(x,y, z,w, s,t) is bounded from above and below if all of x,y, z,w, s,t are 
bounded, and the following inequality holds on X; C\ n < n' < k. 

Proof. See [Ko, pp.298-299] for (1) and [Ya, pp.350-351, pp.359 1.22-28], [Ko, 
pp.300-302] for (2). □ 

Proposition 4.2. Let ip G C'°°(lB(2r)) satisfies the Monge-Ampere equation; 
det (gfj + 7^ <Pij) = e F det(g i j), <pf 3 = d 2 p/dzidzj on the ball of radius 2r in C 2 , 
and suppose X(Sij) < (g t j + < A (Sij) overM(2r). Then, there exist constants 

a = a(A, A,r) > 0 and C = C(X, A, r, \ddp\ c o(n( 2 r)): |^|c 2 (B( 2 r)), | 5 'ij|c 2 (B( 2 r))) > 0 
such that \ < p\c 2 + a Q8>{r)) A C. 

Proof. See [Si, Chap.2, §4], □ 

4.2 Construction of Approximate Ricci-Flat Metrics. Let 7r : —>• D be 

the degenerating family of K 3 surfaces over the disc D considered in Proposition 
2.1 whose fiber is denoted by Y t . By Proposition 2.1 (5), there exists a coordinate 
neighborhood ( V , o) in y such that 

(4.2) [V, o) = {{x,y,z,t) G 1(2); xy - z 2 - t 2 = 0}, 7r (x,y,z,t)=t 

where B(r) is the ball of radius r centered at 0. Let L be a very ample line bundle 
over y as in Lemma 2.4 and put L/ L |y t . Since L is very ample, we may assume 
that ^ is a closed subvariety of x D with % = pr 2 o i and L = C? P jv(l)|y. Let 
IP be a hyperplane of P N such that i(o) H. Let a be the section of L such that 
(a)o — H ny. Let hi, be a Hermitian metric of L with the following properties; 
(P2) there exist open subsets W' d W d V such that liL{<J,cr) = 1 on IF', and 
Ci(L, hif) —ffpdd log hi,(a, a) — oops on X\1F where cups is the restriction of 
the Fubini-Study form of P^. 

Let Ky t be the Ricci-flat Kahler metric on Y, cohomologous to C\ (L/ j. By 
Kobayashi-Todorov ([K-T]), Ky 0 is a Ricci-flat Kahler metric on Y (i in the sense 
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of orbifold. Let r/y t G H°(Y t ,Q 2 ) be a symplectic form on Y t depending holomor- 
pliically in t G D. By a suitable choice of r]Y t ■ we may assume the following; 

(4.3) Ky t = h{t) riY t A fj Yt , h(t) = degL/||??yJ 2 , h(0) = 1. 

Fix an isomorphism j : (C 2 / ± 1 fl B(2), 0) —■> (F 0 H V, o ); 

(4.4) j(^i, 22 ) = (z?, zi» ^ 1 - 2 ) e lo- 

We denote by (r, a) the polar coordinates of C 2 ; r = ||z|| and a = 2 /|| 2 || G A 3 . By 
[K-T, Theorem 1], we get the following. 

Lemma 4.1. There exist uq G C°°{Yq), v G (7 W (B(2)) and c > 0 such that 
no — ci(Lo, e~ u ° Iil) and j*uo(z) — c (||^|| 2 +v(z)). Here v has the expansion; 
v(z) = Y!k =2 a 2 fc(cr) r 2k = Y, auz : z J where a 2k {cr ) = r -2fc Y\i\ + \ j\= 2 k aijz 1 ^ 7 . 

For simplicity, we assume c = 1 in the sequel. ( General case is easily obtained by 
small modifications of this case.) Let D(S) be the disc of radius 5(<C 1) and hx a 
smooth trivialization over D(8 ); I : (Yo\W) x D(5) = such that it := J(-,i) : 

Y(j\lF = Y t \W is a diffeomorphism for any t. Set 

(4.5) u t := (ii l Yu 0 G C°°(Y t \W), h t := e- Ut h L . 

Then, Ci(L t , h t ) is a (l,l)-form on Y t \W approximating kq- 

Proposition 4.3. There exist e, C > 0 with the following properties. If 5 > 0 is 
chosen small enough, then for any |t| < 5, one has 

(1) ci(L t ,h t ) > eci(L t ,h L ) onY t \W, 

( 2 ) | * 0 i* t d(L tl h t ) 2 - 1 | < C\t\ on T 0 \VF. 

Here, denotes the Hodge *-operator relative to ci(L t , h£) = ups- 
Proof. By construction, there exist a, (5, 7 G C°°(D(5 ) x (Yq\W)) such that 

(4.6) *t Ci (L t , ht) A Ci (L t , h L ) = a, i* t * t ci(L t , h t ) 2 = /?, * 0 »tCi(L t , h t ) 2 = 7 . 

By definition, we get a(z, 0) > 3eo, ft(z,0) > 9cq and 7 ( 2 , 0 ) = 1. As a, (3, 7 are 
continuous in t, if |i| <C 1, we get aft, z) > 2eo, f3(t, z) > and | 7 (t, 2) — 1 | < (7 |t|, 
from which the assertion follows. □ 

Remark. In the sequel of this section, we denote by C(> 0) a constant independent 
of s G [0, 1], t G D, and x G Y t , though its value may change in each estimate. 

Our next task is to construct an approximating family of Kahler metrics on W. 
Put X := {(x, y , 2 , t) G C 4 ; xy — z 2 — t 2 — 0} and 7 r(x, y, 2 , t) — t. The following is 
due to Kronheimer ([Kr]). 

Proposition 4.4. There exists q G C°(X) fl C' oo (A’\{0}) such that 

(1) j*qo — 99 || 2|| 2 where j : C 2 / ± 1 —» X 0 is the map defined by (4.4), 

(2) ddqt is a Ricci-flat ALE metric on X t where qt := q\x t > %t 7r_1 (^) 

(3) q is homogeneous of order 1; q(sx, sy, sz , st) — |s| q(x, y, 2 , t). 

Remark. A Riemannian manifold (M, g) is ALE if there exists a compact subset K 
of M, a finite group T C 0{m, R) and a diffeomorphism / : M m \B(I?)/r —■> M\K 
such that f*g = 8 + 0(r~ 2 ~ k ) for some k > 0 where 8 is the Euclidean metric. 
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By (4.3), we identify a neighborhood V of o in y with a neighborhood around 0 
of X. Thus Y t fl V = X t fl B(2) and we regard q t to be a function on Y t D V. Put 
S {x E X ; q(x) — 1 } and S t SC\X t for the level set of q, and S K s := U|t |<5 
for the sublevel set. We consider St to be a subset in C 3 . As it : S^ —> D(S) is of 
maximal rank when 5 <C 1, we can construct a trivialization of S < g by integrating 
vector fields £, ( on S <5 such that 7 r*£ = d/du and 7 r*C = d/dv where t — u + iv is 
the coordinate of D(S). 

Lemma 4.2. There exists a trivialization T : Sq x D(S) —> S < g with the property 
that \I/(-,t) : So —> St is a diffeomorphism and that T(-,0) is the identity map on 
Sq. We put ip t {-) \P(-, t ) and <f>t = 'f’t 1 ■ S t —> Sq for the inverse map. 

With this identification of S t with Sq, we can construct a good deformation 
of the Kahler potential by using the polar coordinates in Lemma 4.1. Namely, if 
Uq — do + J2k >2 a 2 fc(o') Qq is tl ie expansion in the polar coordinates, then 

(4-7) u t = q t + J^(0ta 2 fe) ql k 

k> 2 

will be a good approximation of Uq. Let us verify it in the sequel. 

Set Y tj(l := {x G Y t D V; q t (x) > a}. We extend (j) t : Y t 5 -i\ t \ -> Y 0jS -i\ t ] and 
ift '■ ~^ Y t ,6- i|t| by using the M + -action. Namely, we define 

(4.8) </> t (x) := q t {x) ■ <f qt ( x )-n(qt(x)~ 1 x), ^ t [x) := q 0 {x) ■ 'B qo ( x )-n(do{x)~ 1 x) 

where A • x = (Xx, A y, A z) if x = (x, y, z) G C 3 . Put fi\(x) := A • x. Let Jt be the 
complex structure of Y t . Let dy t be the 3-operator of Y t . Via A<- identify 3y t with 
the 3-operator of (Yo,< 5 -i|t| 71 V,vf*Jt) and similarly 3y t with the 3-operator. We 
denoted them by Bt and dt respectively; 

(4.9) d t := ipt o d Yt o <p* t , B t := f)* t o B Yt o 0 *, d t B t = Vd o d Yt B Yt o <f>*. 

Take / G C°°(Yq fl V ) and identify it with an even function on C 2 flB(2) via j. Let 
(z i, Z 2 ) be the complex coordinates of C 2 , and z\ = X\ + i x 2 , z 2 = Xq + i X 4 be the 
real coordinates. For z G Yo,< 5 -i|t| 71 V, we can write 

(4.10) d t B t f(z) = ^ a i}(t> z ) Bkif{z ) dxi A dxj + &£,-(£, 2 ) d k f(z ) dxt A dxj 

where aA and b - restricted to 71(5) x So are C YOC -functions, and 3;/ = df /dxt etc. 
Lemma 4.3. Putting ||z|| = r, one has the following in the polar coordinates: 

B t B t f(z ) = ^2 {aJJ(r -2 £, a) d k if(z) + a) d k f(z)} dxt A dxj. 


Proof. As H\j(z ) = j(VXz) by (4.5), the action of M + on V 0 71 V is expressed by 
H\(z) = (V\ Zl , V\z 2 ). Since (p\t 0 I'x = l l \ 0 4>t on M + x Y tiS -i\ t j by definition, 
we get d\ t B\ t = pL * x -1 o 3t3t o /x^ which yields a- (A _1 f, A -1 / 2 z) = afd{t, z) and 
A _1 / 2 6 ^(A _1 t, A _1 / 2 z) = 6(7(A z). Putting X — r, we get the assertion. □ 
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Let cu Yt be the Kronheimer’s Ricci-flat ALE metric on Y t C\V] 


(4.11) cu Yt := d Yt d Yt qt- 

As iptqt = <?o, we find that cut ■= dtdtqo is the Kahler form on (bo,<5- 1 |i| i~1 V. J t ). 
Taking f(z ) = ||z|| 2 in (4.10), it follows that, for any z G Yo,5-i|t| H V, 

(4.12) cu t (z) =^gij(r- 2 t,cr)dxi Adxj 

where g l;j is a smooth functions on I)(S) x .S'o . Let p be a cut-off function such that 
p(s ) = 0 for s < 25 _1 , p(s) = 1 for s > 45 _1 , 0 < p'(s ) < C 0 5 and \p"(s)\ < Cod 2 . 
Let v G 17^(18(1)) be the error term of Uq appeared in Lemma 4.1. Set 

(4.13) v t (x) := p t (x)(j)* t v{x), p t (x) := p{\t\~ 1 q t (x)), v t := p(|t| _1 r 2 ) v = ^v t . 

Then, v u p t G C°°(Y t ) and v t G C°°(Y 0 ). By (4-8), we get pJ* t d Yf d Yt v t = d t B t v t . 

Lemma 4.4. Let *t be the Hodge *-operator relative to cut■ There exist Bi G 
C°°(D(5 ) x [0,1] x S'o) ( i = 1, 2) such that, for any z G 1 1*| 7 V , 

*t (dtdtvt A cu t ) (z) = r 2 Ri(r _2 |t|,r 2 ,cr), *t(d t d t v t ) 2 (z) = r 4 B 2 {r~~\t\,r 2 ,<x). 


Proof. As v G C w ([0, 1] x S 3 ) by Lemma 4.1, it follows from (4.12) and 

r~ 1 di{p(\t\~ 1 r 2 ) v} — 2|f| -1 r -1 a;j/9 / (|f|“ 1 r 2 ) v + r _1 p(\t\~ 1 r 2 )d i v, 
dij{p(\ t \- lr ‘ 2 ) v } = 4|t| _2 p"(|t| _1 r 2 ) XiXj v + 2\t\~ 1 r 2 p 1 (\t\~ 1 r 2 )5ij v 

(4.14) + 2|f| - V (|f| -1 r 2 )(ay div + xt djv) + p(|t| _1 r 2 ) <%v 

that there exists A t G C°°(D(6 ) x [0,1] x So) such that cu 2 (z) = Ao(r -2 |f|, r 2 , cr) dV, 
dt.dtVt A cut(z) = r 2 Ai(r~ 2 \t\,r 2 , cr) dV and ( d t 8tVt) 2 (z ) = r 4 A 2 (r~ 2 \t\,r 2 , a) clV 
where dV is the volume form of (Yo,u;o). Since cUq = dV, we get A 0 (0,r, a) = 1 
for any (r, a) G [0,1] x So- By the compactness of [0,1] x So, there exists Cq such 
that 0 < Cq 1 < A 0 (s,r, cr) < Cq < oo for |s| < 5 and (r, a) G [0,1] x So- Since 
* t F = F/cu 2 for a 4-form F, we get Bi — A\/Aq and B 2 = A 2 /A 0 . □ 

We define Qy, and G Yf as follows; 

(4.15) fl Yt cu Yt + d Yt d Yt v t , G Yt := 

As before, set VL t := fjpA Yt — cu t + d t d t Vt an d G t := ippG Yt . 

Proposition 4.5. If |t| <C l, Ll Yt becomes a Kahler metric on Y t fl V. 

Proof. When qtfx) < Vt = 0 by (4.13) and Qy t > 0 because Oy t = cu Yt in 

this case. Thus, it is enough to show that *t.Ll t Acut(z) > 0 and *tLl 2 (z) > 0 for any 
^ G H V if \t\ < 1. By Lemma 4.4, we get 

(4.16) ’ 

* t Pl t Auu t {z) = 1+r 2 £>i(|f|/r 2 , r 2 , cr), * t fi 2 = l+2r B 1 {\t\/r 2 ,r 2 ,a)+r 2 B 2 (\t\/r 2 ,r 2 ,a). 
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As 1 + r 2 Si(0, r 2 , a) > C > 0 for any z G B(l) = YqC\V because fi 0 is a Kahler 
metric, choosing t small enough, the right hand side of the first formula of (4.16) 
is greater than C/2. Similarly, the rest inequality can be shown. □ 

Let Ty t be the holomorphic family of symplectic forms on Y t D V such that 
ry t A fy t = u>y . Under the identification of Y t PiV with X t fl B(2), we get uy t — 
gy t (If, ■) and r Yt = gy t (J t -,-) + v^T gY t (K r ,-) where g Yt is the underlying Rie- 
mannian metric and (It- Jt,K t ) are complex structures defining the hyper-Kahler 
structure. Since (V. o) is normal, there exists a holomorphic function fy G 0(V) 
such that rjy t \v — fy t ■ Ty t and fy t fv\y t - As fy t has no zero for any t G B(S), 
fy has no zero on V. Thus there exists the lower bound on 7; \fy(x)\ > C > 0. 
By (4.3), (4.15) and the definition of fy t , we get 

(4-17) |/Yo | 2 = (VYo A fjy 0 )/(Ty 0 A fy Q ) = Oq/Wq = G 0 - 

Let Ut be the function on Y t \W as in (4.6) and Iil be the Hermitian metric of 
L with the property (P2) as before. Let y > 0 be a cut-off function on y such 
that x( x ) = 0 for x G W and x( x ) = 1 f° r x G 3^\U- We shall use the following 
(l,l)-form k Yt as a background metric in approximating Ky t ; 

(4.18) 

r.y, := Ci(L t ,e~ dt h L ) = —(h- t dy t {0 t -\ogh L (<7,a)}, 0 f := x Mf + (1 “ x)(lt +Vt)- 

Z7T 

Proposition 4.6. If \t\ -C 1, ky t is a Kahler metric with the following estimate; 



<C\t\. 


Proof. (1) Suppose x — f>t( z ) £ Yt,s~ i|t| H V- By definition, one has 

(4.19) r)y t A fjyjn\ t = (r]y t A fjyjul t ) ■ (^Kj ' 1 = \fy t \ 2 Gy\ 

As G t {z) — 1 + r 2 B(H, r 2 , a) where B(s, r 2 , a) := B 1 (s, r 2 , a) + r 2 B 2 (s , r 2 , a), 

(4.20) | G t (z) - Go(z)j = r 2 \B(s, r- 2 |t|, a) - B(s, 0, a)| < |, dB ^ |t| <C\t\. 

Let || ■ || be the Euclidean norm of C 3 . Then, we get 

(4-2i) \\MMz))\ 2 ~ \fY 0 {z)\-\ < \ fv\oo \dfv\oo -K z )\\ <G\t\ 

which, together with (4.19-20), yields that 

r t \!v\ 2 -G, P?l/y| 2 -|/rJ 2 | + |G,-G 0 | 

Gt \Gt\ 

< c\t\ 

~ \Go\-C\t\- 

Since both Qy 0 and u Yo are Kahler metrics on Y 0 fl V, there exists C > 0 such that 
|G 0 1 — C\t\ > C on Y 0 fl V, which, together with (4.22), yields the assertion. 
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(2) If qt(x) <5 1 |f|, it follows from (4.13) and (4.15) that Qy t (x) — x>Y t (x) and 

(4.23) T) Yt A fj Yt {x)/n^ t (x) = rj Yt A fj Yt (x)/u$ t (x) = \f Yt {x)\ 2 . 

By (4.17), we get /y t (0) = 1 because O 0 (0) = wo(0) by construction which, together 
with (4.23), yields 


(4.24) 


VY t A rj Yt 

n 2 


(x) -1 


\fv(x)\ 2 - |iV(0)| 2 < \fv\oo \dfv loolk 


By Proposition 4.4 (3), one has C' _1 (||a;|| + \t\) < qt(x) < <77(||a;|| + \t\) which, 
together with q t (x) < implies ||x|| < C \t\ and yields the assertion. 

(3) Consider Y t \W. By construction (Lemma 4.1 and (4.15)), we get uo = qo+vo 
on V. Therefore, ky 0 — Ky and there is a smooth function w on V\W such 
that u t - (q t + v t )\ v \w = tMv t r\{v\w) + iw\ Yt n(v\w)- Thus there exist (1,1)- 
forms f and £' on V\W such that ky t \v\w = Ci(L t , ht ) + tf + t£' which, together 
with Proposition 4.4, implies that ky t is positive on Y t n (K\IT). As ky t > 0 on 
(Yf\V) U (Yt fl W) by Propositions 4.4 and 4.5, it becomes a Kahler metric on Yt. 
Now, the desired estimate follows from Propositions 4.3 and 4.6. □ 

If \t\ <37 1, the following extension of uoy t becomes a Kahler metric on V) ; 

(4.25) 

% ~ 

uj Yt := ci(L t , e~ Wt h L ) = — d Yt dy t {wt - logger, a)}, w t := x u t + (1 — x) qt- 


By construction, ujy t \y t nw = dy t dy t qt- Let k t (s) (0 < s < 1) be the homotopy of 
Kahler metrics on Y t joining ky t and uy t defined by 


(4.26) ^t(s) := s ky t + (1 — s) wy t . 

Proposition 4.7. Let Ric(kt(s)) = dy t dy t log (kt(s) 2 /riY t A fjy t ) be the Ricci cur¬ 
vature of(Y t ,k t (s)). Then, one has |Ric(/L(s))|oo < C. 

Proof. As the assertion is clear for x G Y t \W, we suppose that x G Y t D W. When 
qt(x ) < <5 —1 |t|, ky t (s) = u>y t by construction, which is followed by the assertion as 
ujy t is Ricci-flat. When x — iptij, £ Yt,S~ i H W, it follows from (4.19) that 

(4.27) iftRic (k t (s)) = d t B t log{l + r 2 B\s, r~ 2 \t\, r 2 , a)} 

because dy t dy t log |/y t | 2 = 0 where B'(s , u, r 2 , a) := 2 s B\(u, r 2 , a)+s 2 r 2 B- 2 (u, r 2 , a) 
As |r -1 <9i(r 2 lT)|oo + \dij(r 2 B')\ 00 < C , we get the assertion. □ 

Let Rt(s) be the curvature of ( Y t ,k t (s)). 

Proposition 4.8. For any (t,x) G D(S) x Ijfl W, one has |R t (s)(a;)| < Cqtfx) -1 . 

Proof. By (4.10-11) and (4.15), there exists g t] G C°°(D(5) x [0,1] x So x [0,1]) such 
that tftOJt(s)(z) — Y^ij 9 ij{ r ~ 1 \t\,r 2 , cr, s) dxidxj and (g t j ) is an uniformly positive 
definite matrix. As \d k gij(r~ [ \t\,r 2 , a, s)| < Ckr~ k , we get the assertion. □ 
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Theorem 4.1. For any (t, s) G _D(5) x [0,1], one has C 1 k t (s) < Ky t < C K t (s). 

Proof. Since «t(s) = wy t + sdy t dY t vt on Y t D V. one lias (7 _1 uy t A «t(s) < Cwy ( 
by (4.16). Thus, it is enough to show the inequality when s — 0. Consider the 
Monge-Ampere equation (4.1) with X — Y t , n — Ky t , <j> = <j) t and F = F t — 
log (h(t)rjY t A f]Y t / ^Y t )• Here /i(t) is defined in (4.3). Since h(t) = 1 + 0(|i|) as 
t —> 0, it follows from Proposition 4.7 that |Tt|oo < C \t\. Thus, by Propositions 4.7- 
8, all of \A t Ft\oo/\Rt\oo, \F t \oo, |-Rt|oo|-Pt|oo, V t are uniformly bounded in t G D{5) 
where the subscript t means that these quantities are considered relative to ky t ■ 
As ky t is quasi-isometric to uy t on Y t n V. the Sobolev constant St is uniformly 
bounded. As X t , the first eigenvalue of the Laplacian of (Y t . k Yt ) is continuous in t 
([Yol, Theorem 5.1]), we also get an uniform bound A) -1 < C because Ao > 0. The 
assertion follows from Proposition 4.1 (2) together with these bounds. □ 

Consider the following Monge-Ampere equation on Yt ; 

(4.28) (k Yt + ^ddvt(s)^ = e s F+at(s) J ^ = q 

where F t = log {h{t)rjY t A f)Y t /h‘y t ) and cq(s) = log(degL/ f Y e sFt ky t )- Set Kt(s) 
for the smooth homotopy of Kahler metrics joining ky t and Ky t ; 

(4.29) K t (s) := k Yt + ^-dd(p t (s) > 0, K t (0) = ky t , n t ( 1) = n Yt . 

lit 

Theorem 4.2. For any t G D, s G [0,1] and x G Y t , one has 
|-Ftloo + K(s)| < C |71, C~ x k Yt (x ) < K t (s)(x) < Ck Yt (x ), |Ric(/c t (s))|oo < C. 

Proof. The first inequality follows from Proposition 4.8, the third one from Propo¬ 
sition 4.7 and (4.28). The second one is similarly proved as Theorem 4.1. □ 

Let Rtfs) be the curvature of ( Y t , Kt(s)) and V* (s) its covariant derivative. 

Theorem 4.3. On Y t C\W, one has |V t(s) k R t (s)(x)\ < C g t (x) -1- ^. 

Proof. For p G S s , let B(p,r) be the metric ball of radius r centered at p rela¬ 
tive to the metric wy s , and w — (uq,^) its holomorphic normal coordinates. Fix 
e > 0 small enough so that ( B(p , e), w) becomes a coordinate neighborhood for any 
P G S s (s G D(S)). Take x 0 G Y t>s -qq n W. Put y 0 := q t (x 0 ) _1 x 0 G S qt{xo) - H 
and B = B(y 0 ,e). For y G £>, put x qt(xo)y G Y t which makes (B,w) to 
be a coordinate neighborhood of Y t at Xq. As y = yo + w, v(z ) = 0(||^|| 4 ) 
and qtfx 0 )~ 1 (qt{x ) + v t {x)) = q qt ( Xo )-i t (y) + qt{x 0 )~ 1 v(qtfx 0 )(p q ^ Xo )-it{y)), we 
get Iqtfxo)- 1 ^ + v t)\c k (B) A C(k,\v\ck). Thus, by Propositions 4.5 and 4.8, if 
we write qtfxo)~ 1 ky t — Si j 9 ij(t,w)dwi A duij on B , we get A I < ( gY) < A I 
and \gfj\c k (B) A Ck where A, A, Ck > 0 are independent of Xq and t. Putting 
k t := qtfx o) _1 ky t and Qtfxo) -1 <pt(s), the Monge-Ampere equation (4.28) 

becomes as follows on B\ 

(4.30) det (g fj + 7 ^%<Pt(s)j = e sFt+a * (s ) det(^j), %&(s) = • 
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We find \d i j(pt{ s )\c 0 (B) < C and | sF t + Ot(s)|c ,2 (s) < C by Theorem 4.2 and 
Proposition 4.7, which, together with Proposition 4.2, yields that there exists a > 0 
independent of t and x such that |<£t(s)|c 2 +“(B') < C where B' — B(y 0 , e/2). Thus, 
(jfj + 2 ^dijift(s) is uniformly elliptic and Holder continuous on B'. From the same 
argument as in [Si, Chap.II, (1.4)], it follows that arbitrary C k -norm of <ft( s ) on 
B' is uniformly bounded and thus so is the covariant derivative of curvature of 
^(^o) -1 «t(s). Rewriting this in terms of the metric Kt(s), we get the assertion. 
When q t (x 0 ) < d _1 \t\, as |£| _1 /rjt| kx t = ^>x 1 by the map fi\t\{x) = \t\ ■ x, we also 
get the assertion by the same argument as above because the injectivity radius of 
(Ai, u> ATi) is positive. □ 


§5. Reduction to the ALE Instanton 

5.1 Estimates of Anomaly. Let us consider the situation in §4.2 and keep 
notations there. In this section, we assume that 7T : y —> D is a degenerating 
family of 2-elementary K 3 surfaces with involution i and L is ^-invariant. Thus, 
Ky t is also invariant by the uniqueness of Ricci-flat Kahler metric. As o is a fixed 
point of 6, according to the type in (2.11), we fix the local coordinates (x, y, z, t ) as 
in Proposition 2.3. Relative to this local coordinates, we can construct ky t as in 
(4.18) and uy t as in (4.25). By taking the average of the action of t if necessary, 
we may assume that both ky t and u>y t are /-invariant, and so is k t (s). 

Let Td (Y t -, Ky t ,ky t ) be the Bott-Chern secondary class associated to the Todd 
genus and Ky t , ky t . By definition ([B-C], [B-G-S, I (e)]), we get 


(5.1) 


Td (Y t -,K Yl ,kY,) (2 ^ 


1 

— / (Tr K t (s) _1 kt(s)) c 2 (R t (sj) ds 


+ 
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ci(Rt(s)) 


d 

de 


c 2 

e=0 


Rt(s) + 


Kt(s) \ 


ds 


where k t (s) = d s Kt(s). As in §4.2, we denote by C a constant independent of 
s G [0,1], t G D and x e Y t , though its value may change in each estimate. For a 
norm | • |, | • | K means that it uses the metric n in measuring. 

Lemma 5.1. For any t G D\{0}, one has 



T(l(Y t ] Ky f , K Xt ) 


( 2 , 2 ) 


< C sup | Kt(s) 1 kt(s 

s€ [0,1] 


Proof. In the proof, every norms and volumes are those relative to «*(s). By (5.1), 



Let Tt(s) the scalar curvature of (Yt, Kt(s))- As is well known (cf. [G]), 

(5.3) 24 = X (Y t ) = J (|J? t (s)| 2 - 4|Ric( Kl ( S ))| 2 + r,( S ) 2 ) dv,(s). 
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Let 9 1 , 0 2 be a local unitary frame and write Ric (n t (s)) — i(pi0i0i+P2#2#2) (pi, P 2 G 
M). Then, Ti(s) = pi + p 2 and Ric(Ky(s)) 2 = 2pip 2 dv t (s). Thus, 

(5.4) 

f T t (s) 2 dv t (s) = I \Ric(n t (s))\ 2 dv t (s) + j Cl (Y t ) 2 = I |Ric(^(s))| L> dv t (s) 

JYt JYt J Xt 

because c\ (Y t ) is cohomologous to zero which, together with (5.3), yields 

(5.5) J \R t (s)\ 2 dvt(s) = 32n 2 (W 3 J \Ric(n t (s))\ 2 dv t (s) 

The assertion follows from (5.2) and (5.5) together with Theorem 4.2. □ 

Lemma 5.2. For any t G D\{0}, one has 




< C. 


Proof. Let A t (s) be the Laplacian of (Y t . Kt(s)). Differentiating (4.28) by s, we get 


(5.6) A t (s)(p t (s) = F t + a t (s), / ip t (s) n t (0) 2 = 0. 

JY t 

Multiplying \ip t {s)\ p ~ 2 ipt(s) to the both hand sides, the integration by parts yields 


(5.7) 


'x t 


d\M s )\ 2 


«*(«) 4(p — 1) J Xt 


\sF t + at(s)| \<Pt(s)\ p 1 dv t (s) 


for any p > 2. By Theorem 4.2, (5.7) is also valid after changing the metric from 
Kt(s) to K f (0). Applying Moser’s iteration argument ([Ko, pp.298-299]), we get 


(5.8) 


Il'®) 1 00 A C ||<pt(s) ||_L 2 ,/t t (s) 


where C depends only on the constants in Theorem 4.2, the Sobolev constant of 
(Yt,Kt( 0)) and s F t + at(s)|oo. By Theorems 4.1 and 4.2, C is uniformly bounded 
because so is the Sobolev constant of (Yt, Kt( 0)). As in the proof of Theorem 4.1, 
we find that Xt, the first eigenvalue of A*(0), is also uniformly bounded away from 
zero; > A > 0 which, together with (5.7), p = 2 and Theorem 4.2, yields 

(5.9) 

\\pt(s )\\ 2 L 2 < A 1 \\dip t (s )\\ 2 L 2 < C A 1 \\F t + d t (s )\\ L 2 ||^(s )|| L 2 < C\t\ ||^t(s )|| L 2 
where norms are those relative to Kt( 0). Comparing (5.8) and (5.9), we get 

(5.10) \pt(s)\oo < C\t\. 

Take x E Y t D W, and let ( B , w) be the coordinate neighborhood centered at x as 
in the proof of Theorem 4.3. Put Kt(s) := qt(x)~ 1 nt(s) for the rescaled metric on 
B. Let A t (s) = q t (x) A t (s) be the Laplacian of (X t , k t (s)). Then, (5.6) becomes 

A t(s)(p t (s) = q t (x) (F t + d t (s )). 
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(5.11) 



By Proposition 4.7, Theorem 4.2 and (5.10), the Schauder estimate ([G-T, The¬ 
orem 6.2]) applied to (5.11) yields (one can apply it because the geometry of 
(5(0, r 0 ), kt(s)) is bounded as shown in the proof of Theorem 4.3.) 

. 177(®) IC 2 +“ (B( 0 ,ro)) < C(\Lp t (s)\oo + | Qt(x) (F t + O t (s))|cf«(B( 0 , 2 r 0 ))) 

} <C(\t\ + q t (x))<Cqt(x). 

As Kt(s) converges smoothly in i to a Kahler metric on Yq outside of W and thus 
\<fit( s )\c 2 (Y t \w) A C, it follows from (5.12) that, for any x G Y t fl W, 

(5.13) \d Yt d Yt M s )i. x )\ kt{s) <Cq t (x). 

Rewriting (5.13) in terms of Kt(s), we get the assertion by Lemma 5.1 because 

(5.14) |^(s) _ 1 ^(s)(a;)| Kt(s) = | d Yt d Yt <p t (s)(x)\ Kt{s) < C qt(x )- 1 q t (x) < C. □ 


Lemma 5.3. For any t G 5\{0}, one has 



< C. 


Proof. Since (5.2) and (5.5) are also valid for Kt(s), we get 


(5.15) 



Td(Yi; k Yt , 0 J Yt ) 


<C sup | k t (s) 1 k t (s )|oo 

s€ [0,1] 


As d s n t (s) = k Yt -Wy by (4.26), we get sup se[0)1] | k t {s) l k t {s)\oc < C by Theorem 
4.1 which, together with (5.15), implies the assertion. □ 

Proposition 5.1. For any t G _D\{0}, one has 



< C. 


Proof. Clear by Lemmas 5.2 and 5.3 because the Bott-Chern secondary class does 
not depend on a path joining two metrics ([B-C], [B-G-S I (e)]). □ 


Let 7T : Z —> D be the family of fixed curves of t; Z = {x G jV; i(x) — 
K z t ( s ) be the restriction of Kt(s) to Z t ; Kz t {s) — n t {s)\z t - By definition, 
(5.16) 



c^Yt) Cl (Z t )(n Yt , n Yt ) 


x}. Let 


= ds (Tr 'Kt(s) 1 k t {s)) ci(Z t , K Zt {s)) + K Zt {s) 1 h Zt (s) ci{Y t , K t (s)). 
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Lemma 5.4. For any t G D\{0}, one has 

[ Ci(y t )ci(Z t )(« n ,Ky t ) < c. 

Jz t 

Proof. When o — Sing y Z. the assertion is obvious. Thus, we assume that 
o G Zq. By Proposition 2.5, Z t is a degenerating family of curves such that Zq has 
only one node at o. By (5.16), it is enough to show the followings; 

(1) \Ty K t (s)~ 1 k t (s)\ OQ < C\t\, (2) MZt, K Zt (s))\oo tKZt < C'|t| _1 , 

(3) \K Zt (s)~ 1 K Zt (s)\ 00 < C, (4) |ci(X t ,/%(s))| 00)Kt(s) < C. 

As Tr K t (s)~ 1 K t (s) = F t + a t (s) — 0(\t\) by Theorem 4.2, we get (1). (4) is proved 
in Theorem 4.2. (3) follows from (5.14) because, for any v G TZ t , 

(5.17) - |Kg(s) -1 7g(s)| oo < K t (s)(u,u) -1 d s Kg(s)(u,u) < |(s) —1 (s) 1^ . 

As i%t(s) is ^-invariant, R t (s ) restricted to Z t splits as follows ([B-G-V, §6.3 (6.1)]); 

(5.18) Rt(s)\ Zt — R(Z t , ca t (s)) © R(N Zt / Yt ) 

where R(N Zt / Yt ) is the curvature of the normal bundle of Z t relative to the induced 
metric, and the splitting is orthogonal. Therefore, by Theorem 4.3, we get 

(5.19) 

MZj, K Z ,(s))\co = | R(Z t , K Zt (s))\oo < |fll(s)|z,|oo < < C|t| □ 

Lemma 5.5. For any t G H\{0}, one has 

[ Ci(lt)ci(Z t )(Ky t ,Wy t ) < C. 

Jz t 

Proof. In the same way as the proof of Lemma 5.4, we may assume that o G Zq. 
Put h Zt (s) Kt(s)\z t - By (5.16), it is enough to prove the following; for any 
x G Y t fl W, 

(1) |Tr K t (s)~ 1 K t (s)j(x) < Cq t (x), (2) |ci(Z t , R Zt {s))\{x) < Cqt(x)- 1 , 

(3) \h Zt (s)~ 1 R Zt (s)\(x) <C, (4) |ci(lt,«t(5))|(a;) < C 

where length is measured relative to k Zt and ky t ■ As kt{s)~ 1 ktfs) — ky t — ojy t . we 
get (3) by Theorem 4.1 and (1) by Lemma 4.4. (4) follows from Proposition 4.7. 
Since 7g(s) is ^-invariant, by the same argument as the proof of (2) in Lemma 5.2, 
we get (2) by Proposition 4.8. □ 

Proposition 5.2. For any t G _D\{0}, one has 

[ Ci(Y t ) C 1 (Z t )(K,y t ,UJ Yt ) < C. 

Jz t 

Proof. Clear by Lemmas 5.4 and 5.5 □ 

Define tm(W, Ri^Y t ) in the same manner as Definition 3.3. By Propositions 5.1 
and 5.2, we get the following. 
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Theorem 5.1. For any t G _D\{0}, one has 


| log T M (Y t , it) - log f M (Y t , Lt,u Yt ) | < c. 

5.2 Singularity of Type (0,3) and Asymptotics of tm • In this subsection, 
we assume that (Yq, a, o) is a singularity of type (0,3) in the sense of (2.11). Put 
T M (t) := T M {Yt/t t ,u Yt )- 

Theorem 5.2. As t —> 0, one has the following asymptotic formula: 

log r M (t) = —^ log |t | 2 + o(log|i|). 


Proof. Let A t be the Laplacian of (Yt,u> Yt )- As u Yt is ^-invariant, A t splits into 
A^ as in Lemma 3.1. Let K±(s, x, y) be the heat kernel of A^ and Kt(s, x, y) that 
of Af. Since K±(s, x, y) — K t (s , x, y )/2 ± K t (s, x, by )/2 and thus 


(5.20) 


Tre sAt — Tre sAt = / K t (s, x, b t x) dvx t , 


-sA 


'X, 


it follows from [B-G-V, Theorem 6.11] that there exists a,i(z, t ) G C°°(Z t ) such that 


(5.21) Tre _sA * - Tre 


-sA, 


ai(z,t) 


+ a 0 (z,t) ) dv Zt + O(s) (s > 0 ). 


Put ai(t) = j z ai(z,t)dvz t - From (5.20-21) and Lemma 3.1, it follows that 
(5.22) 

T(Y t /b t , u Yt ) = logdet Af - logdet Af 

r 1 ds 

.In S 


Tre~ sA t - Tre- sA i - - a 0 (t) 


+ J y (Tre~ sA ^ -Tre~ sA * - l) + a^f) - r'(l) a 0 {t) + r'(l) 

= J yy | f K t{ s - X 1 iX ) dv Y t - J + Oo (z, t)^j dv Zt | 

+ Ji j/ K t (s,x,Lx)dv Yt —l^+a-i(t)—r'(l)ao(t)+r'(l). 


Let (X,u>x) be the ALE instanton (see (6.1) below). By (4.25), we have 
{Y t C\W. u> Yt ) — (A" nf?(|f| _1 / 2 ) 5 \t\ iox)- Let K(s, x, y) be the heat kernel of ( X , u>x)- 
As ujy t is Ricci-flat on YtflkF, it follows from [C-L-Y, §3,4] that there exist constants 
C, 7 > 0 such that 


(5.23) 0 < K t (s,x,y) < C s 


~ 2 e~ 


■yd(x ,y) 5 'yd(x.y) 

' , \d x K t (s,x,y)\ < Cs-*e-^- 


for any t G _D\{0}, s G (0, 1] and x, y G Y t fl W, and one has the same estimates for 
K(s,x,y) for any s > 0 and x,y G X. By Duhamel’s principle (cf. [B-B, pp.63-67]) 
together with (5.23), there exist c, C > 0 such that 


(5.24) 


K t (s. x, lx) dv Yt 


'Y t r\W 


/ i K(\t\ 1 s 1 x : bx) dvx 

>xnB{\t\ ~ 2 ) 
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for any t G -D\{0} and s G (0,1]. Put J(T ) := fj's 1 ds /b(vT) K(s, x, lx) dvx- 
Since W fl Z t = 0, there appears no contribution from Z t to the divergence of 
r(Y t / which, together with (5.24), yields 
(5.25) 

/ — / K t (s,x, ix)dv Yt = -/(l^r 1 ) + 0 f = J(|f| _1 ) + 0(1). 

Jo s Jy t nw \J o s / 

As uy t is a smooth family of metrics outside of Y t fl W, one has 


(5.26) 




K t (s, X, Lx)dVy t 



ai(z,t) 


+ a 0 (z,t) 



< C. 


Let A k(t) be the k -th eigenvalue of A t . Since the Sobolev constant of (Y t . uy t ) is 
uniformly bounded away from zero, it follows from [C-L] that there exists N > 0 
such that, for any t G D and k > N, one has A k(t) > Ck 1//2 . By [Yol, Theorem 
5.1], A k(t) is a continuous function on D for any k > 0 and Ai(0) > 0. Thus, we 
get the bound Xk{t) > C k 1 / 2 and 0 < Tr e~ sAt — 1 < C e _Al (0)s/2 f or s > ^ which 
yields 


(5.27) 


r°° ds 

/ K(s, X , IX ) dvy t — 1 

r°° ds 

Tre _sA ^ — Tre~ sA * -1 

1 1 s 

•7+ 

Jl 8 



< ^ y (Tre“ sAt - 1) < C. 


Let K (s, x, y\ Auyv) be the heat kernel and B(r ; A u>x) the metric ball of radius r of 
(X, A u>x)- Let cls^ 2 be the Euclidean metric of C 2 and Xc2/ ±1 (s, x, y) be the heat 
kernel of (C 2 / ± 1, ds^ 2 ). Since (X, A u>x, o) converges to (C 2 / ± 1, ds^ 2 , 0) as 

A —> 0 where d(zi, z 2 ) = v / —Lzg), we get 

(5.28) 


lim 

T —>00 


AT) 

log T 


lim / da 

T—>oo Jq 


/ 

J B(T 2 ;T-°- U>x) 


K(l, X, LX] T a UJx) dvy-a^x 



da / 

Jc 2 /±i 


K C 2/ ± i{l,x,i'x)dv C 2 



e 4 S 

(47rs) 2 


+ 


| z-\-iz | z 
4s 


(47Ts) 



As log Tm{J) = J(|t| _1 )+0(1) (t —> 0) by (5.22), (5.26-27) and (1.1), the assertion 
follows from (5.28) because 7r : Z —> D is a smooth morphism and thus log r(Z t , u>z t ) 
is bounded 011 D. □ 
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6. Singularity of tm along the Discriminant Locus 


6.1 Heat Kernel on the ALE Instanton. Consider the following affine 
quadric with involution and the fixed locus; 

^-{(h,22,^)6C 3 ; qz 2 -% 2 = 1 }, t(*i, *2, z 3 ) = (zi, z 2 , -z 3 ), 

X L = Z {(zi, Z2) G C 2 ; Z\Zi = 1}. 

Let c ox — dxdxQ be the Kronheimer’s ALE metric on X ([Kr]) as in §4.2, and put 
u>z ■— wx\z for its restriction to Z. Fix o G X and put r(x) dist(o, x). Let 
B(p) be the metric ball of radius p centered at o. By Kronheimer [Kr], there exist 
c,C a >0 with the following properties; (1) For any y G X, the injectivity radius at 
y is greater than j y — c( 1 +r(y)). (2) On the metric ball B(y,j y ) with the normal 
coordinates x — (aq, • • • , aq), the metric tensor g(x) = ( x)dxidxj satisfies 

( 6 . 2 ) sup \d a (gij(x) - <%)| < C a (l +r(a/)) _|a| . 

xeB(y,j y ) 

For simplicity, we assume c = 2 by considering (2c) _ 1 u;x if necessary. Let K(t, x, y) 
be the heat kernel of (X,u>x) an d define its parametrix ([B-G-V, Theorem 2.26]); 

d(x, y ) 

(6.3) p(t, x, y) := (47rf)““e ~{u 0 (x, y) + t m(x, y)} 

where U{(-,y ) G C°°(B(y, j y )). (In [B-G-V], <fq is used instead of rq.) 

Lemma 6.1. For any y G X and (x,t) G B(y,j y / 2) x [0,1 + |y| 2 ], one has 

\K(t, x, y) — p(t, x, y)\ < C(c,C a ) (1 + r{y) 2 )~ 2 e~ ( *’ v) . 


Proof. Let B(r) be the ball of radius r < 1 in R 4 . Let ( M,g ) be a Riemannian 
4-manifold such that 5(1) is embedded into M and g — J^gij dxidxj on 5(1). 
Suppose that \d k (gij(x) — Sij)\ < A^ for any k > 0 and x G 5(1). Let L(t,x,y) be 
the heat kernel of (M, g). By [C-L-Y, §3, 4], there exists r, (7, 7 > 0 depending only 
on Ak (k < 6) and r such that, for any (x, y) G 5(r) x 5(r) and t G (0, 1], 


(6.4) 


0 < L(t , x,y) < C t 


~ 2 e~ 


■yd(x,y) 2 | _5 T d(x,y) 2 

* , \d x L(t,x,y)\ < Ct 2 e * 


Let L'(t,x,y) be the Dirichlet heat kernel of (5(1), < 7 ) which satisfies the same 
estimates (6.4). By Duhamel’s principle, for any (x, y) G 5(r) x 5(r) and t G (0,1], 

(6.5) \L(t,x,y) - L'(t,x,y)\ < Ce~^ 

where cq, C > 0 depend only on CV Since G fc -norm of g iy is bounded by A^ (k = 6 
is enough), it follows from the usual asymptotic expansion of the heat kernel that 
there exits a constant C, 7 > 0 depending only on A;- (k < 6 ) and r such that, for 
any (x,y) G 5(r) x 5(r) and t G (0,1], 

L\t, x, y) - p L ,(t, x,y)\ < C e 
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( 6 . 6 ) 


t 



where pz'(t,x,y) is defined by the formula (6.3) for L' and d(x,y ) is the distance 
relative to the metric g. Comparing (6.5) and ( 6 . 6 ), we find 


'yd(x,y)‘2 

(6.7) \L(t,x,y) - p L (t,x,y)\ < C e * . 

For any y G X, consider the rescaled space (X, j~ 2 u>x) and its heat kernel L(t, x, y). 
As jy K(jyt, x,y) = L(t,x,y ) and jyP(j 2 y t } x } y) = p(t,x,y), it follows from (6.7) 
that 

( 6 . 8 ) 

\K(j%t,x,y) -p(jyt,x,y)\ <C( 1 +r(p))~ i exp ^ , (f e (0,1]). 


The assertion follows from ( 6 . 8 ) by putting s — j 2 t. □ 

Let Mz/x be the normal bundle of Z in X and v its fiber coordinate. Set 
O := {(z,v) G X' z /x\ ]\v\\ z < r(z) + 1}, 0(a) := {( z,v ) G O; r(exp z (v )) < a}. 

Via the exponential map, identify O with a tubular neighborhood of Z in X. Let 
dvz be the volume form of (Z,u>z)- Then, the volume form of (X,u>x) can be 
written on O as follows; dvx (x) = J(z,v ) dvdvdvz(z) where x — exp,(u). Set 

(6.9) qi(z,v) := J(z,v)ui(x, l(x)), q\ k \z,v) := t=0 qi(z,tv). 

In the sequel, C denotes a constant which depends only on C a (|ck| < 6 ), c and 7 . 
By definition, we get qQ(z,0) = 1. By (6.2), the following is clear. 

Lemma 6.2. For any (z,v) G O, one has the following estimates; 

(1) \qo(z,v) - g 0 (z,0)| < C |u|(l + r) _1 , (2) \d™q i (z : v)\ < C (1 + r)~^ l+ \ a \\ 

(3) \q Q (z,v) - q 0 (z) - q£\z,v) - q^ 2) (z,v)\ < C |u| 3 (l + r)“ 3 , 

(4) f/i (z. r) - qi(z.O) < C H(1 + r)“ 3 . 

In (2), |ck| > 0 when i = 0 and |ck| > 0 when i — 1. 

Let dx dy — dv dv be the volume form on the fiber of Mz/x- Set 
h(s,z) := J| w |< r(z)+ i s _ 2 e _|v|2/s (q 0 (z,v) - q 0 (z) - q£\z,v) -q { Q ) (z,v)^j dxdy. 

Lemma 6.3. For any T > 1, one has 




h(s, z)dv z 


< C(logT + l). 


Proof. Suppose r > y/s. It follows from Lemma 6.2 (3) that 

( 6 . 10 ) 


h(s,z )| < 


r m 2 

/ Ce~ — 
J fi|<r+l 


v | 5 dx dy 
s 2 ( 1 +r ) 3 


< C 




pi p A dp 
s 2 (l + r ) 3 


< C 


1 

S 2 


(1 + r ) 3 


which yields 
( 6 . 11 ) 



' x/s<r<\/T 


h (z, s)dv z 


pT 7 poo 

<C — / s^(l + r)“ 3 r dr < C logT. 

J1 s Jp-s 

29 



Suppose r < y/s. It follows from Lemma 6.2 (1) that 

6 . 12 ) 


f , , \ , vv dxdy 

! e * (q 0 (z,v) - q 0 (z ))—— 

H<r+1 ® 


Similarly, using Lemma 6.2 (2), we get 
(6.13) 


< C 


ui 2 |u|<iir<iy „(l+r) 2 

e s -77--T < C-7—• 


H<r+i s 2 (l + r) 


-Lii ( 2 ) / \ dxdy 

e 3 % ( z , v ) —— 
;|<r+l ® 


< c 


pi 2 \v\ 2 dxdy (1+r) 2 

e s “7777-777 < C -7- 


M<r+i s 2 (l + r) 

Since J|„|< r+1 v k dx dy = 0 (k > 0), we get 

(6.14) j v)dx dy — 0 

J h| <r+l 

which, together with (6.12-13), yields 


2 — 


(6.15) 


/ — / Ii(z,s)dv z 

<1 s Jr<y/s 


<C j —s 2 f (1 + r) 2 rdr < C log T. 

J 1 ® J rKy/s 


When s < 1, 1 + r(z) > s for any z G Z. Thus, by (6.10), we get 


(6.16) 


ds 


h (z, s)dv z 


< C f — y/s f (1 + r) 3 rdr<C. 
Jo s Jr<Vr 


'o s Jr<Vr 

The assertion follows from (6.11) and (6.15-16). □ 

Set 1 2 (s, z) := f jv |< r(z)+1 s _1 e“l v l 2 / s (qi(z,v) - q 1 (z,0))dxdy. 
Lemma 6.4. For any T > 1, one has 


r ds r 

'0 s Jr<Vr 


I 2 (s, z)dv z 


< C (logT + 1). 


Proof. Suppose r > y/s. It follows from Lemma 6.2 (4) that 
(6.17) 

pi 2 |u| dxdy < (j f _+p 2 dp 


\h(s,z)\ < C 

which yields 

<' T d s 

(6.18) ' ' 


< C- 


\v\ <r+l 


s (1 + r) 3 J p <r+1 S (1 + r) 3 (1+r) 


I 2 (s,z)dv z 


'l S J Pl<r<y/T 

Suppose r < y/s. It follows from the same lemma that 


pT 7 poo 

<C —s 2 / (1 + r) -3 r dr < C logT. 

J 1 ® J y/s 


(6.19) 


\h(s, z)\ < C(1 + r) / s e s p~dp<Cs 2 (1+r) 

J P<7+1 
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which yields 


( 6 . 20 ) 


/ — / I 2 {s,z)dv z 

'1 S Jr<^/s 


, n f ds _i 
<C —s 2 

Ji s 


-y/s 


(1 + r) L rdr<C log T. 


When s < 1, it follows from (6.17) that 
f 1 ds f 


( 6 . 21 ) 


his, z)dv z 


0 s Jr<VT 

The assertion follows from (6.17), (6.19) and (6.21). □ 

Lemma 6.5. For any T > 1, one has 


/•I 7 [• OO 

<C —/ (1 + r) -3 r dr < C. 

Jo s Jo 


f ds f 

'o s Jq(Vt) 


{K(s, x, lx) — p(s, x , lx)} dvx 


< C (logT + 1 ). 


Proof. Put E(s, x) := K{s,x,lx) - p(s,x,tx), I 3 {s) = E(s, x) dv x , 

and I 4 (s) = .foj^ E(s,x ) dvx- Suppose 1 < s < T. By Lemma 6.1, we get 


l\v\* 


( 6 . 22 ) 


|/ 3 (s)| <C / (1 + r 2 ) 2 e + dvzdxdy 

Jn,(Vr)\n(Vt) 


, Vt 


< C 


r dr 


-y|n] 


(l + r 2 ) 2 


' dx dy < C 


~VT 


'Vt 


dr 


„3 — 


< C. 


As {X,u>x) is Ricci-flat, we get a bound ([L-Y, Theorem 3.2]); K(t,x,y ) < Ct 2 

for any t > 0 and x,y G X. Then, we have 

(6.23) 

\h(s)\<c[ dv z [ + 777 1 dxdy 


K<V~s J\v\<r\s 2 s(l+r 2 ) 


< f r av z 

s J r<Vs 


r 2 dvz + C 


r <V~t 


dvz < C^-r 


r 3 dr + C- 


r dr < C. 


~<Vt 


r <Vs 


Suppose that s < 1. By Lemma 6.1, we get 
(6.24) 


IW+Ms)|<C 


_ -/M 

e 


' dvx 


fVT 


Jq(Vt) (l + r 2 ) 2 

Together with (6.23-25), we get 


< Cs 


r dr f t-m 2 dx dy 

e « - <6 s. 


(6.25) 


d s 

-ih(s) + h(s)) 


'0 (l + r 2 ) 2 Jc 


f 1 ds f 1 ds 
<C —+c — 5 < C(logT + l). □ 

Jl s Jo s 
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Lemma 6.6. Put <?o-ii(+0) — d v dv\ v =oqo(z,v). For an U T > 1, one has 


/ K(s, x, ix)dv x - -J— 
I b(Vt) 167rs 


' **-i r 

-<Vr 16 7T 


"<Vt 

1 


/ K(s,x,ix)dvx + h{s) + h(s) ■ , r 

' B(VT)\n(VT) 1D7TS 


167r 


-<VT 


dO;ll(+°) e " s H- )dv Z + 


-<Vt 


0O;ll(*> Q)dv Z 

/ e~ Lr dvz 

Ir<VT 

{h{s,z) + I 2 {s,z))dv z - 


Proof. By the definition of p(s, x, y ), J(z, v ) and q\ k \z, v), we get 
(6.26) 

(47 ts) 2 p(s, X , lx) J(z , f) = e" 


m; 


2,0)+9l 1, (h«) + Cfe^)[ + se s ' di(+0) 


d 2 ) 


+ e" 


\v\ 


q 0 (z,v) - q o (z,0) - q { 0 1} (z,v) - q { 0 2 \z,v)} + se ' • {gi(+ v) - gi(+ 0)} 


which, together with qo(z. 0) = 1, q±(z, 0) = 0 (Ric(wx) = 0), (6.14) and the 

definition of I\ and 1 - 2 , yields 

(6.27) 


'n(Vr)' 


p(s,x,ix)dv x — / (Ii(s,z) + I 2 (s,z))dv^ 


r<y/T 


'o(Vt) 

f 

lr<VT 

1 l 


(47 ts) 2 e 's' +(47rs) 2 e s ’ g 0 -il(+ 0) \v\ z \ dv x 


\ — 2 „ — 


167TS 

1 


, f r 2 dx dy 

dV Z e ~~ Ta - + 

7 |t,|<r+l ( 47rs ) 

cfoz- 

•<Vt 167rs 


'•<Vt 


q 0 .n( z , 0 )d v z 


_ r£ 2 dx dy 
e s r 




(47rs)" 


(r+l)^ 




-<Vt 


+ 


167T 


r ‘ 1 

q 0 n{z,0)dv z - —- 
r<VT 167T 


-<VT 


90;llO> 0) e 


(r±l )_ 


1 + 


(r + 1)- 


dv 


z- 


Therefore, we get 

(6.28) 

r 

p(s, x, ux)dv x 


In(VT) 


1 


167TS 


1 

/ dvz — 

167TS 

Jr<VT 

•+i) 2 

1 f 

s dvz 

/ 

Iott Jr<\/r 


167T 


r<VT 


d 0 ;ll(+ 0 )dv Z 


+ 


r<VT 


r<VT 

( h(s,z ) +/ 2 (s,z))dr;z 


do ; il(^,0)e _ 


(r+i) 2 ( (r + ll 2 . 

1 + --— ) dv z 


which, together with the definition of Is, I a and the following, yields the assertion; 
(6.29) 


I K(s,x,t,x)dv x - —/ 
'b(VT) !6tts J r <++ 


dvz — 


1 


d 0 ;ll(+ 0 )dv Z 


J b(Vt)\q(Vt) 

+ / p(s,x, tx)dv x 
Jq(Vt) 


K{s, x, ix)dv x + 

1 


'n(vT) 


167T ,/ r <+r 
{/i (s, x, tcc) — p(s, x, ix)}dv x 

1 


dv z 


!6tts d r <+T 167r A+vT 


qO:ll(z,0)dv Z . □ 
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Lemma 6.7. For any s G (0,1], one has 


I K{s,x,Lx)dv x ~ ~ f - [ qo-,il(z, 0 ) dVZ 

'b(Vt) s Jr<Vr lt )7r Jr<Vr 


167T 


< CJ~s. 


2 

Proof. Put J 5 (s) := Sb{Vt)\Q(Vt) k ( s , x , ix)dv x , /e(s) := f r <y/r s ~ le ~~dv z , and 

/ 7 (s) := / r <VT9o ;1 l(^0)e-4 (l + 4) dv z . For any x G B(Vf)\n{Vf), we get 
2d(x, tcc) > r(x) + 1 which, together with (6.23), yields that, for any s > 0, 

(6.30) 

|Z 5 (s)| < C j s~ 2 e dvx<Ce~s , |Z 6 (s)| < C f s~ l e ^~dv z <Ce ~«, 

J X Jz 


r oo — —ii- 7 

z . „ I e 4a rdr 1 

<C / ---rr:- <Ce 83 


\2 - 


, r/ f n+i) 2 +i / (1 + r) 2 \ civ 

,/z V « / (1 + r) 2 J 0 (1 + r) 

By (6.10), (6.17) and (6.24), we get f r<v ^(\di(s, z)\ + |/ 2 (s, z)|) dv z < C^fs and 
|/ 3 (s) + J 4 (s)| <Cs for any s G (0, 1] which, together with (6.30) and Lemma 6.6, 
yields the assertion. □ 

Proposition 6.1. For any T > 1, one has 


[ —\f K(s,x,ix)dv x - f (pp~ + %-,il( z i 0 )j 7 r- 
1 0 s 1 Jb(VT) Jr<vT V 167rs 16?r 


< C(logT+l). 


Proof. By Lemmas 6.3-7 together with (6.30), we get 

r T ds 

(6.31) L.H.S. <C(logT+l)+/ — (|/ 5 (5)| + |/ 6 (5)| + |/ 7 (5)|)<C'(logT+l). □ 


6.2 Singularity of Type (2,1) and Asymptotics of Tm • Let us consider the 
same situation as in §5.2. Here, we assume that (Yq,l,o) is of type (2,1) in the 
sense of (2.11). By Proposition 2.3, Zq has only one node at o. In the sequel, we 
use the same notations as in §5.2. 

Lemma 6.8. There exists a function /(T) defined for T > 1 such that, as t —► 0, 
logr(Y t /L t ,u Yt ) = /(It!" 1 ) + 0(1), |/(T)| < C (logT + 1). 

Proof. Let K t (s,x,y ) be the heat kernel of (Y t ,UY t ) and 

(6.32) K t (s, x, t t x) ~ (ai(x, t) s _1 + ao(x, t) + 0(s))6 Zt (x) (s —> 0) 

its pointwise asymptotic expansion ([B-G-V, Theorem 6.11]) where 5 Zt is the Dirac 
5-function supported along Z t and a{(z,t) is a smooth function on Z t . By Lemma 
3.1, we get in the same manner as (5.25) 

(6.33) 


log T(Y t /i t ,U Yt ) = 


^ ds 


'0 


K t (s , X , lx) dvy t — 


’Y f 


ai{z,t) 


+ ao(z,t ) ) dv 


/ OO f l* 

— \ Kt(s, x, ix)dvY t - 1 \ + a-i(t) - r'(l)(a 0 (t) - 1) 
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where ©(f) := f Y ©(cc,t) dvy t ■ By the same argument as in the proof of Theorem 
5.4 using (5.23) and Duhamel’s principle, we get (5.24). Put 



'b(VT) 


K(s,x, ux)dvx 


1 f dv z 


s Jr<VT 167r 



9O;ll(+0) 



By Lemma 6.7 and (5.24), the integrand of ds/s in I ( T ) should coincides with the as¬ 
ymptotic expansion (6.33) on WC\Y t and we get f YtnW o,q(z, t)dvz t = / < i dvz/ 167r 

and f YtrW ai(z,t)dvz t = / < i g 0 ;il(+ 0)c/uz/167r which, together with (6.33), 

(5.24) and the definition of /(T), yields 
(6.34) 


'o 


1 ds 
s 


'Y t nw 


K t (s,x,ix) - ^ ^ — ao(x, t) \ dvy t — I(\t\ 1 )+0 ( f —e" 


In the same way as §5.2, we get (5.27) which, together with (6.33-34) and Propo¬ 
sition 6.1, yields the assertion. □ 

Theorem 6.1. As t —> 0, one has the following asymptotic formula: 

log T M (Y t ,Lt) = ~ log \t\ +0(1). 

O 


Proof. Let u>z t wY t \z t be the induced metric on Z t . In the similar way as 

[B-B, Theoreme 6.2], there exists an universal constant (3 G M such that one has 
log r(Z tl uJz t ) = (3 log \t\ + 0( log log |f| _1 ) as t —> 0, which, together with Lemma 
6.8 and Theorem 5.1, yields 

(6.35) log T M (Y t ,i t ) = J(|t|- 1 ) + 0(loglog|t|- 1 ), |/(T)| < 0(logT+ 1) 

where J(T) = J(T) + /31ogT. Let rj(t ) be a relative canonical form such that 
rj(t) ^ 0. Let wi(t), ■ ■ ■ ,a i g {t) be a basis of 7 t* 0^ d . We may assume that a>i(0) 
has at most logarithmic pole at o and 0 * 2 ( 0 ), • • • , o* s (0) are holomorphic as Zq has 
only one node. By Theorem 3.5, one has the following on O\{0}; 

(6.36) 

^<9<9 jlogr M (W,p) + —- log ||? 7 (t)|| 2 + ^ logdet ^ Ui(t) Ac©(t)^J = 0. 

Since log ||?y(f) || 2 = 0(1) and logdet (^f Zt ^i(t) hu)j(t)j — 0( log log |f| _1 ) as t —■> 0, 

by the same argument as [B-B, Proposition 10.1] together with (6.35-36), there 
exits a G M such that 

(6.37) logr M (W+t) = ol log \t\ 2 + 0(1) (f -> 0). 

By (6.35), a — liiriT^oc /(T)/ logT is an invariant of the instanton ( X , u>x )• 

To determine a, let us compute an example. Take M = IIi j © E$(—2). Let $ 
be Borcherds’s ^-function of weight 12 over Q, the Hermitian domain of type IV 
associated to the lattice IIi,i©IIi,i®A 24 (—1), with zero divisor V (the discriminant 
locus) where A 24 is the 24-dimensional Leech lattice. (For < F, see [B2,3].). Put- 
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Tm-l $|n M f°r the restriction. As the orthogonal compliment of E$( 2) in A 2 4 is 
the 16-dimensional Barnes-Wall lattice Aig ([B2], [C-S]) which is free from roots, 
Tm is a nonzero holomorphic modular from of weight 12. Let d G A(IIi ; i ©Ilyi © 
A 2 4 (—1)), and 7T (d) G A/ 6 (—1) be the orthogonal projection. Then, Hd fl Om ^ 0 
if and only if —2 < (7r(d), 7r(cZ)) < 0. Computing 0a '( 6 (t) (cf. (8.19)), we hnd 
that there is no norm 1 or 3/2 element in A/ 6 , and thus 7r(cZ) = 0. Namely, the 
zero divisor of coincides with Dm■ Since ;jm takes its value in S' 2 (Ai) by 

Theorem 2.5 and jf A { AiA 2 ) vanishes of order 2 along Dm (because the quotient 
map Q:\/ —> M m blanches of order 2 along Dm ) where A, is the Jacobi A-function 
in the i-tli variable. A' := ® j%f( AiA 2 ) vanishes of order 3 along Dm- As Dm 

is the divisor of type (2, 1) by Theorem 2.5, it follows from Theorem 3.3 and (3.37) 
together with [B-B, Proposition 10.1] that 


(6.38) 


27 xi 


- dd log 


tm 






outside of subvarieties of codimension> 2 where 5t> m is the current . Since tm 
and || A'|| are TM-invariant, (6.38) can be regarded as an equation of currents over 
Mm by Hartogus’s extension theorem. From the residue theorem, it follows that 
a — — 1 / 8 . □ 

Corollary 6.1. If A = Hi i © E 8 (— 2), there exists a constant C\ ^ 0 such that 
ta = ||Aa||^ 1/4 where A\ = GATlnA ® Ja(AiA 2 ) and $ is the denominator func¬ 
tion of the fake monster Lie algebra. 


§7. Identification of tm with an Automorphic From 

Let A g be the Siegel modular variety and A * be the Satake compactification. 
Let Jm ■ D,m > Ag^M) be the rational map as in Proposition 2.4, and f 1m = 
1 x jm(Hm) be the closure of the graph of Jm in TLm x A 9 (m)- Let pi : Qm —■ ► 9m 
and p 2 : Om —> A g be the morphisms induced by the projections. We regard 
jX/rUA (which is originally defined on Q%r) as a current on Q° M U Dm by putting 
JmW4 9 =Pi*P* 2 va 9 where D° M := \J SeA{N) H G S {H° 5 = H s \\J d ^ ±s H d ). 

Theorem 7.1. One has the following equation of currents on Q° M U D° M ; 

i aa, 1 * r{M) -6 1 .* 

—dd log t m = -Sv M - g - UM - 2 J M VA g(M y 


Proof. Theorems 3.5, 5.2, 6.1, together with Bismut-Bost’s extension argument 
([B-B, Proposition 10.2]), yields the assertion. □ 

Let Eg (g = g{M)) be the sheaf of Siegel modular forms of weight 1 over A g . 
Set Am := i*On M {{jM)*J~g) where i : Ll° M U D° M ■—* VLm is the inclusion. It is an 
invertible sheaf on Qm because jfj : Q° M U D° M —> A g is regular and is defined 
out side of subvarieties of codimension 2. Since j° M is independ of markings, Am is 
invariant under Tm- Namely, it is a pM-uiodule. Let y : Pa/ —> C* be a character. 
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Definition 7.1. / G H°(Q M , is said to be an automorphic form of weight 
(p, q ) with character x if 


/(7 • *) = X(7) jilt z) v l*fi z ) 

for any z £ Qm and'y&VM where j{p),z) (7 • z,Im)/(z,Im) is an automorphic 

factor. The Petersson norm, ||/||, is defined by 

\\f(z )\\ 2 := K M (z,zydethn(j M (z)) q \f(z)\ 2 . 


Here, Km(z,z) is the Bergman kernel and Im G ATc is the same vector as in (3.4). 

In the sequel, we often omit character. Thus, an automorphic form is rigorously 
speaking an automorphic form with some character. Since log||^|| becomes a 
locally integrable function on Qm for any meromorphic Siegel modular form f), the 
curvature current of (Am, || • ||) (|| ■ || is the Petersson norm) can be defined in the 
usual manner, and coincides with ci(Am, || • ||) = 3 M u A g 011 Q°m U T’m- 

Theorem 7.2. Suppose r(M) < 17. Then, there exists a modular form A M of 
weight (r(M) — 6,4) such that tm = ||4\m || -1 ^ 4 and div(Z\M) = Pm- 

Proof. Take a non-zero meromorphic modular form <f> of weight (r — 6 ,4) such that 
T>m is not contained in the zero and polar locus of <f>. Put F := \\<f>\\ 2 ■ By 

Theorem 7.1 and Hartogus’s theorem, one has -j^ddlog F = 5t> m — hdiv(» 011 Qm- 
Therefore, d log F is a pM-invarianl meromorphic 1-form on Qm with at most 
logarithmic poles, and thus G(y ) := exp (j 2 d log F) (* is a reference point in Qm) 
is a meromorphic function on Qm such that div(G') = T>m — div(</>). Let 7 £ Tm- 
Let [ 7 ] be a simple closed real curve in M.m = Qm/Tm corresponding to a path 
joining y and 7 ■ y. As Qm is diffeomorphic to the cell, the homotopy class of [ 7 ] 

does not depend on a choice of y. Thus, x(l) = ex P (Jj 7 ] 9 log F^j = G (7 • y)/G(y) 

is independent of y and becomes a character of T m ■ Since I'm /[Pm,Pm] is finite by 
Kazhdan’s theorem ([Kz]), x takes its values in S' 1 = 77(C). Therefore, log \G\ 2 is a 
rM-invariant pluriharmonic function whose divisor is the same as log F. Since the 
Satake-Baily-Borel boundary of M.m Las codim > 2 when r(M) < 17, Hartogus’s 
theorem implies that there exists a constant C ^ 0 such that F = C 2 |G| 2 . Thus, 
we get rff — C 2 \G\ 2 \\4>\\ 2 , and Am C G ■ <f> is the desired form. □ 

Let 5 G A (N). If (M © 5) denotes the smallest 2-elementary lattice generated 
by M,S, then Q^ M ®s) can naturally be identified with H ( 5 . As Am is a section 
of Af/ which vanishes of order one along H, 5 , it follows from Proposition 2.5 that 
Am ■ (z, Im) / (z, d) restricted to H® is a section of A^ 4 ^. Note that if g((M®S)) — 
g(M) — 1 , A g -1 is considered to be one of the boundary components of A* and the 
restriction map S : —> F®\ coincides with the Siegel operator ([F]). 

Theorem 7.3. Under the identification Q(m® 5 ) — Hs, ° ne has 


A{m® 6) (y) = G(m®5) 


lim 

z^y 


{z, Im) 
(z,5) 


A m (z) — C(M, 5) 


(~, hr) 

M> 


Am 


H s 


(I/)- 


Here C(m®s) is a nonzero constant. 

Proof. Put <5 := So- We separate the proof into two cases. 

Case (1) Assume (<5 0 , 5i) = —1 for some tq G A (N). With this condition, M ®ZA 0 
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is primitive in L K3 and (M © d 0 ) = M©Z5 0 which implies g((M (BS 0 )) — g(M) — 1. 
By the condition, ZSq ©Zed = A. 2 (—1) where A -2 is the ^ 2 -root lattice whose roots 
are ±<5 0 , ±<d> ±e >2 where S 2 '■= So — S 3 . 

Step 1. Take u 0 G (Hg 0 n H Sl )° : = Hg 0 fl H Sl \ U d^±Si H d >. Choose k 0 G C(M) 
such that (kq, cl) ^ 0 for any cl G A(M). By the surjectivity of the period map, 
there exists a marked K 3 surface (Xq, <f>) with nef and big line bundle Lq such that 
7 r(Xo,</>) = u>o an d 0(ci(Lo)) = «o- Choosing 0 < e < 1, we may suppose that 
there exists a Kahler class whose image by 0 is k := kq — eho- Let Cg t be the cycle 
corresponding to A;- As (k, 5*) > 0, any Cg t is effective. We choose e so small that 
65 j, C $ 2 are irreducible -2-curves and C $ 0 = Cg 1 U Cg 2 . 

Let U be a small neighborhood of (Xq, <f>) in Qy. and (A, 0) —> U be the universal 
family. By construction, there exists a relatively nef and big line bundle L —> X 
which restricted to A 0 is L 0 . Choosing m > 1, let <&\ m L\ : A —> P Ar be the 
morphism associated to the complete linear system \mL\, and Y := (fr\ mL \(X) —> U 
be the image. As kq does not intersect S t . the cycle Cg t corresponding to Si is an 
irreducible —2-curve in X t if t G H { ~ (cf. Lemma 2.3). By above construction, 
Cs 0 splits into two components if t G (H § 0 fl L/^) 0 ; Cg 0 = Cg 1 U Cg 2 . By Mayer’s 
theorem, : X t —> Y t is the minimal resolution whose exceptional locus is Cg i 

if t G Hf (i = 0, 1,2), Cg 0 = C $ 1 U Cg 2 if t G ( Hg 0 fl Hg J 0 , and empty if outside 
of the discriminant locus. Put o G Y G for the image of Cg 0 . As 7jS\ © Z ^2 is the 
A 2 -root system, (Yq, 6 ) is a K 3 surface with a A 2 -singularity. Set 
(7.1) 

M m :={aeC 3 ;X:“<=0}, Z := {(x, a) e C 3 xMa 2 ] xiX 2 -ft(x 3 +a,) - 0}. 

Consider the deformation of A 2 -singularity (Z, 0) —> (A4a 2 ,0) on which acts S 3 — 
W(A 2 ) by the permutation of coordinates a. Then, ( Z/S 3 , 0) —»■ (Ai A 2 /S 3 , 0) is the 
semiuniversal deformation of A 2 -singularity. The discriminant locus of Z A4 a 2 
is D — Do U Di U D 2 where Di — {a G -Ma 2 ; a k — otj = 0} k} = {0,1,2}). 
By the versality, there exist maps F : (A, o) —> (Z, 0) and / : (U, 0) —> (Ai A 2 1 0) 
which commute with the projections such that (Y. o) = F*(Z, 0) and /(iLy) = Di. 

Let cj)' = Im ° (cf. (2.6)) be another marking, and (A ',(/)') —> U' be the 
universal family such that U’ = I o U (cf. (2.8)). Let L' —» X' be the relatively 
nef and big line bundle such that cf)' (ci(L')) = k 0 . By the similar construction as 
before, we get a family Y' —> U' such that A' —> Y' is the simultaneous resolution. 
Since (/> _ 1 (ko) and ((/>') _ 1 (ko) are weak polarizations ([Mo, pp.318]) of (X t ,(f>) and 
(A), ()>') respectively, we can define the weakly polarized period map ([Mo, pp.318]) 
U —> V and U' —> V by sending ([u>t],Kt) to ([cc?*], aco) where [ny] is the period 
and K t is the Kahler class. Note that the weak polarized period domain in our 
situation is Om x C(M) + and V is its subset. As U —> V (resp. U' —> V ) is 
an isomorphism, we may regard Y and Y' are families over V. Since there exists 
the universal marked family of generalized K3 surfaces over Qm x C(M) + ([Mo, 
pp.321]), we get an identihcation e : Y' = Y. Let p : X —> Y and p' : X' —> Y' 
be the simultaneous resolution, and Lm ■ A —> X' be the isomorphism as in (2.8). 
Then, i e o p' o c M o p~ x is a rational automorphism over Y. By the weakly 
polarized global Torelli theorem ([Mo, pp.319]), it is an anti-symplectic involution 
on Y t for any t G A and i is holomorphic everwhere. By appropriate normalizations, 
we may suppose (Y. o) = (Z,0) and i(xo,xi,x 2 ) — (xi,xq,x 2 ) in (7.1). 

Step 2. Let C —> V be the family of fixed curves. By Theorem 2.5, we get the 
decomposition C — E t where is a smooth irreducible curve of genus 
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( 9 ) 


g = g(M ) for generic t G V and E % is a family of smooth rational curves. As O, 
is a fixed locus, Sing = SingYo = o. Moreover it is a Cartier divisor because 


(C 0 


0 ) _ 


As C ( n 9) ■ C {9) ~ 


, 0 ) = (Zo, 0 ) n {xo - X! = 0} = {(x 2 , x 3 ); X 2 - x§ = 0}. 
■<( 9 ) 


2 (g — 1) > 0, Cq is a nef and effective divisor. Since (TO 0 ) is an A 2 -singularity, 
o can not belong to the fixed part of the linear system Cq 9 by Saint-Donat’s 
theorem. Therefore, we can pick up / 1 , • • • , f g , nonconstant meromorphic functions 
on Y, such that div(/. t ) — P t — O^) with o £ P g but Singly G Pj for 1 < i < g. 
Let ujy/v be a nowhere vanishing relative 2-form on Y. Let <Pi(t) be the 1-form on 

Cj: 9 ' > defined by <pi(t) := Res c (g)fi^y/v- As Singly is contained in the zero locus 
of fj for j < g , (j < g) becomes a holomorphic 1 -form on the normalization 

of C[ 9 ^ when t G Hg 0 . Thus, if j < g , 


(7.2) 


>c 


( 9 ) 


<P%(t) A ipj{t) 


'C, 


(9) 


T’i(O) A (pj(0) < 00 (t —> Hs 0 ). 


Let Ai, Bi, • • • , A g , B g be the symplectic basis of H l {c[ 9 \ Z). As {Cq 9 \ 0) is the 
cusp, we may assume that A g and B g are vanishing cycles, and all other cycles 
converges to the symplectic basis of the normalization of Cq 9 \ Since we have fixed 
the symplectic basis, Jm takes its value in & g : 


(7.3) 


r(jM(t)) - ( ^ <fj(t) 


-1 


'Bi 


Pj(t) G 6 


9- 


As the bidegree ( 1 , 1 ) part of the diagonal in c[ 9 ^ xC[ 9 ^ is homologous to ]T A\ L> B\ 
B\ 1 ] Af ] in H 2 {C { t 9) x Cl 9) ; Z), it follows from (7.2) that 


i(1)d(2) 


(7.4) 


/ , , <Pg(t)<Pg(t) = Im T gg (j M (t)) 

[ <Pg(t) 

>c ( t 9) 

J Ag 


+ 0 ( 1 ). 


Let Eg \= {(x 2 ,x 3 ); x\ — (x 3 + l)(x 3 + f3)(x 3 — 1 — /?)} be an elliptic curve and 
71,72 be the symplectic basis such that 71 converges to the cycle \x 3 + 1 | = e 
as (3 —> 0. Since o (f P g . multiplying a constant if necessary, we may assume 
f g = \f\x\ — n(^ 3 +ai)}+ 0 (l) on a neighborhood of o. When t —> Hg o: a(t) —> D$ 
and a 2 (t) —>► ap(f). Putting (3 — a.\/a 2 , we may suppose A g is identified with 71 
and get 
(7.5) 

[ V>s(t)= I . = ,, . . +0(1) 

J A„ 


I Ai / \J {z + <^o)(^ + &l)(z + ^2) 
-i /' dz 


— a n 


'71 


97r _ 1 

,_+ O(l) = —j=OL 2 2 + 0(1). 

\J{z + l)(z + f3)(z- 1-/3) V3 


Let IT be a small neighborhood of wq G (iL« 5 0 fl L /^) 0 in H$ . Since 


(7.6) 


(/c(g) VA+j) 

lets') 


= det 




'<+ 9 ) 




/ 


hi<g 


TV 
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by (7.2-5), it follows that 


—dd 

2tt 


log 


det (fc(s) ThTb) 


j*M lmr 99 


W. 


(7.7) 


- —Bd 

2 t r 



r 

2 



ft \ 

- 

log 

/ Ag 



+ h da 

log det ( / (fiiipj ) 



JA g 


W- 

C^) J i j <^g 

W- 


- 2 SH s 0 nH s 1 nw + i(V®5 0 ) w 6 g _ilw- 

Since Ha D Hs 0 D W ^ 0 (d G A(N)) iff d — ±<5o, ±Al, ±$ 2 , it follows from Theorem 
7.1 that 


(7.8) 


2tt 


dd log 


tm det 


'C(9) 




(w,S 0 


| 2 \ 8 


(w, w) 


WJ 


1 


E 


g(6 A( 7 V)\{±< 5 0 }/±1 

1 r((M © 5 0 )) - 6 

= ^H So nH Sl nw ~ 


r(M) - 5 

OH d nH So nw - g - ^(M®5 o) 


W (M©5 0 > 


which, together with (7.7), yields 


(7.9) 


2t r 


dd log 


t m (j* M lmT gg ) 2 


(w,6 o 


r((M © <5 0 )) - 6 


U{M®5 0 ) 


(w , re) 

_ 1 ,* 
2 




Step 3. Let 63 G A (N) such that ( 63 , 60 ) = 0. Take coo G ( H $ 0 n Hs 3 )° and 
choose h~o G Cm as in Step 1. Similarly as before, there exists a marked K 3 surface 
(Xq, (f>) with nef and big line bundle Lq such that 7r(Xo, (f>) — u>o and (f>(c\(Lo)) = Kq. 
Let C$i be the cycle corresponding to 5,. Then, C $ 0 and C $ 4 are mutually disjoint 
irreducible —2-curves. Let U be a small neighborhood of (X 0 , (f>) in CIm, ( X , (j>) —> U 
the universal family, and L —> X the relatively nef and big line bundle whose 
restriction to X 0 is L 0 . Using \mL\, set Y $i mL i(X) —> U for m 1. As 
(«o , 6 i) = 0, the cycle Cs i corresponding to 6 t is an irreducible —2-curve in X t if 
t G 11$ . Thus, $| m L| : X t —> Y t is the minimal resolution whose exceptional locus 
is Csi if t G H ? (i — 0, 3), C $ 0 U Cs 3 if t G (Hs 0 D H§ 3 )°, and empty if outside of 
the discriminant locus. Put o t for the image of Cs t . By construction, (> 0 , 00 , 03 ) 
is a K 3 surface with two Ai-singularities. Let l : Y —> Y be the anti-symplectic 
involution constructed as before, and —> U be the family of fixed curves of 
maximal genus. By construction, C^) —> JJ is f.s.o. in the sense of [B-B] (though 
the total space admits two nodes here). Since c[ 9 ^ has a node for t G H$ (because 
g((M © 5o)) = g(M) — 1), we find 00 G Cq 9 \ Let • • • , <p g (t) be a basis of 

relative 1-forms for C —> U such that ip g ( t ) has a logarithmic pole at Sing c[ 9 ^ if 
t G Hg 0 and that <fii(t), ■ ■ ■ , <p s _ 2 (t) are regular on the normalization of C\ 9 ' > for 
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any t G U. If 03 G Cq 9 \ we may suppose that ip g - 1 ( 0 ) lias a logarithmic pole at 03 
and if g -i(t) is regular on the normalization of Cq 9 ' 1 for t G H$ . If 03 ^ C$ 9 \ we 

may assume that is regular on the normalization of cj : 9 ' 1 for any f G £7. Let 

W be a small neighborhood of cuo G (H $ 0 D H$ 3 )° in H$ . From [B-B, Propositon 
13.3] together with Proposition 2.5, it follows that 


(7.10) 


—99 

2i r 


log 







= —99 
2 n 

log det ( / ipiipj ) 


W - 

\JC (s') / i,j<g 

W- 


2(M©<5 0 ) u; 6 9 _ilm- 


Since 7/^ ft iP, 5 0 D IF ^ 0 (d G A(IV)) iff d = ±<5 0 , ±£ 3 , comparing (7.8) and (7.10), 
we get 


(7.11) 


—99 log 
27r 


r M (JmIhiP 


99) 


l(«h<*o)| 


2 \ I 






(re, re) 
r((M © d 0 )) - 6 


w J 


1 


W (M©<5 0 ) „2(M©5 0 > Ct; ®s-i Itt^- 


Step 4. In view of the proof of Theorem 7.2, we may write Am — ^ © 3 *mE 
where ^ is a meromorphic modular form over Qm of weight g{r — 6 ) and E is an 
Eisenstein series of weight 4 g ([F]) whose divisor does not contain the boundary 
component A*\A g . For r = (rij)ij < 9 G & g , write r' = ( Tij)ij <g G & g -i- Let 
S : H°(A g , Eg) —> H°(A g -i, Eg_ x ) be the Siegel operator. Since j M (Hs 0 ) C A g -i, 
it follows from Proposition 2.5 that 


(7.12) 


2 Im) 

:■,*>> 


1 M 


H, 


So 


:■,*<>> 




Hs n 


® J(M®6o)S(E)- 


From the definition of Petersson norm, it follows that 
(7T3) 

© /m) x 9 




— z-v-s( r “ 5 ) 


(w) - IF 


M 


( 2 , do) 


l/i 


2M(det Imr') 49 |5(F;)p 


= ||Z\„|| 2 »01,Imr 99 )- 4 » (1LA1 

V \ z i z ) 


2 \ ~9 


— t ~ 89 (i* Imr l -4 ® ( - — ^ ^ 
Llf UM imr ggJ 1 / -\ 

V \*» © 


2 \ “9 


where JFm is the Bergman kernel as in (3.4). Comparing (7.9) and (7.11) with 
(7.13), || Am ■ (•, do) |h 5q || 2 satisfies the same 99-equation as ||Z\^ M ©, 5 0 ) || 2 

over U T , ^ M0(5o ^. In view of the proof of Theorem 7.2, solution of the 

99-equation in Theorem 7.1 is unique up to constant. Thus, we get the assertion. 

Case ( 2 ) Suppose that there is no d G A (AT) such that \(d, do)| = 1. Thus, for 
any d G A(IV), Hd FI Hs 0 ^ 0 iff (d, d) = 0. Now, we can prove the assertion in the 
same way as Step 3 and 4 in Case (1), and details are left to the reader. □ 
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§8. Borcherds’s Products Arizing from Am 

8.1 Borcherds’s Product. For a lattice M of signature (2, b ~), let {e 7 } 7(E M v /m 
be the standard unitary basis of the group ring C[M V /M], We denote by pM the 
Weil representation of the metaplectic group Mp 2 (Z); 


( 8 . 1 ) 


Pm(T) e 7 = 


'11 


Pm ( S') e 7 



#W[ 


e 2ni{-y,5) ^ 

5eM v /M 


where T = ((*:[), 1), *5 = ((^""g 1 ), yT) are the generators of Mp 2 (Z). In this section, 
we suppose M — IIi i(A) © A (N = 1,2 and A is a hyperbolic 2-elementary 
lattice.) Let F(t) — /m e i ^2keQ c i^ ^ a neai 'ly holomorphic modular 

form of type pM with weight 1 — 6 — /2 which has the integral Fourier coefficients at 
the cusp. We denote by ^m(z,F) Borcherds’s product attached to F(r) ([Bo5]); 

(8.2) 

-log||T M (© F )\\ 4 = [ Q m {t;z) F(r)ydx dy/y 2 + c o {0)(T'(l) +2 log V27 t). 

Jsl 2 (z)\ h 

Vm(z, F) is a function on the Grassmannian G( 2, b ) which is isomorphic to the 
tube domain Ar + y/—lC(K) + . The following theorem is due to Borcherds. 

Theorem 8.1 ([Bo5, Theorem 13.3]). 

(1) $m(z, F ) is an automorphic form on G( 2, b ~) for some arithmetic subgroup of 
0 (M ) of weight co(0)/2. 

(2) The zeros or poles of F) lies on the divisor X 1 - (A G M, A 2 < 0) of order 

So<ie6]R, *AeM v c x\{ x< ^ X~/ 2 ). 

(3) 4 ’m{z, F ) admits the following holomorphic infinite product expansion near the 
cusp and z G Ar + \/—1W; 

\p M (z, F) = e 2ni ( p ( K,w,FK ) ,z ) (i — e 27 Ti ( X ’ z + n / N )yx+nf r /N(>i 2 /z) 

\eK^nw v nez/NZ 

where p(K , W, Fk ) is the Weyl vector, W is a Weyl chamber, W v the dual cone of 
W, and /, f are the generators ofllip(N) such that f ■ f = f ■ f = 0, / • f = N. 

8.2 2-Elementary A3 Surfaces with ( g, 8 ) = (0,1). By Nikulin’s table ([Ni4]), 
all the primitive 2-elementary hyperbolic lattices in 3 with (g, 5) = (0,1) are iso¬ 
metric to one of the following Sk (1 < k < 9). 

Let h, 8 o, - ■ ■ , 8 s be the basis of Ii j 9 (2) such that h 2 = 2, h- 8 i = 0, 8 t ■ Sj — —28 lJ . 
Then, Ii j8 (2) = A\ © Ai(— l)® 8 = Zh © Z 8 \ © • • • © Zh 8 = Ii j 9 (2) fl <5 q~. Put 

(8.3) p:=(3/r-A 0 -h 8 )/2 G Ii, 9 (2) v , « := 3h - { 8 1 + • • • + <? 8 ). 

A is a sublattice of Iy 9 (2) v dehned by A = Zp © ZA 0 © p F fl <5 q- fl Iy 9 (2). Note that 
k 1 - fl Ii, 8 (2) = A 8 (—2) (cf. [Man]). As <5 q- fl A = Zh © Z 8 \ © • • • © Z S 8 = Ii, 8 (2), 
above 80 , ■■ ■ , 8 $ satisfy 

(8.4) fl • • • n^_! fl A = Zh®Z 8 k © • • • ©Z5 8 = Ii )9 _fc(2), 8 i-p= 1. 
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Define 2-elementary lattices A*,, S^. T). (1 < k < 9) by 
(8.5) 

A/c : = ho~ fl • • • fl S^_ 1 — Ii,9_ fc (2), Tk := 111,1(2) © = l2,io-fc(2), Sk ■— T^~. 

Here, the first orthogonal compliment is considered in A^, and the last one in Lk 3 - 
Then, (r(Sk),l(Sk), S(S k )) — (10 + k, 12 — k, 1). Let 7 Tk : A —► A/ be the orthogonal 
projection. As is well known (cf. [Man]), the Weyl vector of A*, is given by 


( 8 . 6 ) 


Pk ■= ^Tk{p) = (3 h-S k -4s)/2. 


We denote by Am(Afe,]j) the Weyl chamber containing pk and by NE(Afc, R ) the dual 
cone of Am(A fc , R ) i.e., NE(A fc , R ) = {r£ A R ; (r, Am(A fc , R )) > 0}. 

Put M := Tk = IIi,i(2) © Ii, 9 _fc(2). Vectors in M are denoted by (m, n, A) 
(■ m,n G Z, A G Ig_/ C (2)) whose norm is 4 mn — (A, A). The period domain Qg fc is 
isomorphic to the tube domain A k ,m + \f~ lC'(Afc) via the following map; 

(8.7) A fc , R + v /z TC'(A A: ) ± 3v—> (1/2, -(v,v)/2,v) G 

We dehne eo, e±, vq, v±, v 2 , V 3 G C[M V /M] by 

(8-8) e 0 e (0,0,0); e l e (0,0,p fc ): v i : = ^ e S- 

2(5,5)=i mod 4 


Put q = e 2iriT . Let &a 1 +s/ 2( t ) q^ k+S ^ 2 ^ (5 G {0, 1}) be the theta function 

of Ai-lattice. Define / 0 (r), /i(r), and {c k ,o(l)}i e z, {c fc ,i(/)}z e z+i /4 by 

(8.9) /o(r) : = = Y c m(0 q ' = 9 _1 + 8 + 2k + O(q), 

77(r) 8 77(4r) 8 f-I 


( 8 . 10 ) 


/i(t) : = -16 


V^r) 8 e Al+1/2 {r) k 

r](2r) 16 


Y 2c k,i(i) q l ■ 

le 1 / 4 +z 


Then, /o(t) is a modular form of weight (A: — 8)/2 for To (4) with the same character 
as that of 0 Al (t). Dehne ^(r) (i G Z/4Z) by 


(8-11) gi(r) = c fc>0 (Z)g I/4 , ^ ^.(t) 

l=i mod 4 ieZ/4Z 


?? (r/2) 8 g Al (r/4) fc 

?](r) 8 ?7(r/4) 8 


/o(t/4), 


and a modular form of type pm by 

(8.12) Ffc(r) :=/ 0 (r) e 0 +/i(r) ei + ^ 9 i(r)vi. 

i€Z/4Z 


Theorem 8.2. If k < 8, one has Z\ 5 fc (z) 2 = Ck H7i 2 10 _ fc (2 )(z,Fk) and the following 
infinite product expansion; 


As,(z) = C k e^«-^ n II (! 

<5e{o,i} ren+(A fc ) 


2ni(r,z)\c kA (r-r/2) 


where Uj{A k ) := (Ap fc + A fc ) fl NE(A fc , R ). 

Let MT 0 (A) = {((cd), Vcr + d) G Mp 2 ( Z); c = 0 mod 4} be a subgroup of 
Mp 2 ( Z). Put Z-.= S\ 
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Lemma 8.1. There exists a character x ofMT 0 (4) such that pm{q ) e o — x(g) 8 ke o- 

Proof. From (8.1), it follows that ker pm\MTq(4) — { Z a T b ; 0 < a, b < 3} and 
Pm({, 7 ) e 7 = gf , 7 ri < 7 > 7 > e 7 if g E ker p M ■ Z a T b . Putting y(g) = we get the 

assertion. □ 

For 7 = ((“d), Vcr + d) E Mp 2 (Z), put j(7i r ) : = v / crTd. For 51 G Mp 2 (Z), we 
set /| s ( t ) := f{g-T)j(g,r)~ l where / is the weight of /. The following construction 
of modular forms of type pm from a scalar valued modular form of higher level, is 
due to Borcherds ([Bo6,7]). (It is a special case of his construction.) 

Proposition 8.1 ([Bo6,7]). Let f>(r) be a modular form for r 0 (4) with character 
X 8 ~ k ■ Then, <f>{r) := Xl 3 er 0 ( 4 )\r(i) f\gi. T )PM(g~ 1 )eo Is well defined and becomes a 
modular form of type pu ■ 

Definition 8.1. If the level of M is 4 and F = f> for some modular form for r 0 (4) 
in Theorem 8.1, we write ^m{z, 4>) in stead of 4/ m{z,4>). 4 1m(z, 4>) is said to be 
Borcherds’s product attached to M and f>. 

Lemma 8.2. F^{t) is a modular form of weight ( k — 8)/2 of type pm- 

Proof. Pick up the representatives Po(4)\r(l) = {1, S, ST, ST 2 , ST 3 , V}. Here we 
put V := S~ 1 T 2 S. From (8.1), it follows that 

3 

(8.13) pm^ST 1 )- 1 ) e 0 = ^2"^ Vj, Pm(^ _ 1 ) e 0 = e x . 

3 =0 

Take f>(r) — fo(r) in Proposition 8.1. As OaAt) is a modular form of weight 1/2 
with character y -1 for To(4) (cf. [Bo5, Theorem 4.1]), fo(r) is a modular form 
of weight (k — 8)/2 for To(4) with character x 8 ~ k ■ (Note that y 8 = 1 .) Since 
fo\sT l ( r ) — 2^ 8 _A: ^ 2 i _A: / 2 /o((r + l)/ 4), comparing with (8.13), we get 

3 3 

(8T4) ^folsr^r) ■ pm^ST 1 )- 1 ) e 0 = ^^(r)^. 

1=0 i=0 

Similarly, since /o|y (r) — /i(r), comparing with (8.13), 

(8.15) fo\v(r) ■ Pm{V~ 1 ) e 0 = /i(r) e t . 

Thus, Ffe(r) = /o(r). As the weight of fo(r) is (k — 8 )/ 2 , so is Tfc(r). □ 

Proof of Theorem 8.2. Since it follows from (8.9-12) that 

(8.16) 

F k (r) = (g 1 + 8 + 2 k + 0(g)) e 0 + (8 + 2k + 0(g)) vg + 0(g 1/4 ) v i + 0(g 1/2 ) v 2 

+ («- 1 / 4 + 0 ( 7 4 ))»3 + 0 ( l ) ei , 

4>T k (z, fo ) := 4/jy (z, Fk) is a modular form for some arithmetic subgroup of OiTjf) 
of weight 8 + 2k. Note that Vq contains eo with multiplicity one. By Theorem 8.1 
( 2 ), the zero of 4>T k (z, fo) consists of all the hyperplanes perpendicular to the root 
of T/ with multiplicity 2 . Thus, As k (z) 2 and 4/t*. (z, fo) have the same zero and 
weight which prove the first assertion. By [Bo5, Theorem 10.4], the Weyl vector of 
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4 /(z, fo) is 2pk- Let /o(r/4) = J2ie 4-iz c (0 ^ fh e Fourier expansion at the cusp. 
Using c((r, r)/2) = co,fc((2r, 2r)/2) for any r G A/, it follows from Theorem 8.1 (3) 
that 

(8.16) 

^T k (z,fo) = e 4ni{pk ’ z) JI (i — e 27ri < r,z >) Co ’ fc ( r2 / 2 ) 

reA fc nNE(A fcilll ) 


X 



_ e 27ri(r,3>\2ci !fc (r 2 /2) 


r€(pfc+A fe )nNE(A feiM ) 


= 27ri(r,«)\c(r 2 /2)^ _|_ e 2iri(r,z)y(r 2 /2) 


x JJ (1-e 

reAVnNE(A fc , R ) 

_ p 47T i(pk,z) TT n _ P ^i(r,z)\2c 0 , k (r 2 /2) 


g—^ _ g27ri(r,z>^2c 0 , fe (r /2) ^ — 


,2'rri(r,z)\2c 1> k{r 2 /2) 


ren+ (A fe ) 

3 2 tt i(pk,z) n n (' 

56{0,l}ren+(A fe ) 


ren+(A fc ) 

1 2 

v 2ni(r,z)\c Syk (r 2 /2) 


. □ 


8.3 Nikulin’s K 3 Surfaces. For A = Hi i © E$(— 2), a A-2-element ary JC3 
surface is one of the exceptional type ((r, 1,5) = (10, 8 , 0)) in Theorem 2.5 discovered 
by Nikulin ([Ni4]). It is an elliptic K 3 surface whose fixed locus consists of two 
smooth fibers. Let 4/ A ± := $|f 2 A be the same automorphic form as in Corollary 6.1. 

Put 6a 16+ §(t) = Ex+ 5 ea 16 Q X f° r the theta series of Ai 6 where 5 G A/ 6 /Ai 6 . 
By [Bo2], there exists an involution I on A 24 (the Leech lattice) whose fixed lattice 
is Eg( 2) and anti-fixed lattice is Aig. As A 24 is self-dual, there exists a canonical 
identification A/ 6 /Ai 6 = Eg(2) v / Eg(2) = A v /A via which we identify the genera¬ 
tors of the standard basis of the group rings C[A/ 6 /Ai 6 ] and that of C[A V /A] (cf. 
[Bo5, §4]). Under this identification, p Al6 = p A because 5 (Ai 6 ) = 5(A) = 0. Let 
®a 16 ( r ) = J2sea^ 6 /a 16 e A 16 +s(r)e 5 be the theta series of Aig. Let {c 5 (/c)} be the 
Fourier coefficients of the following modular form; 

(8.17) 0a 16 (t)/A(t) = Y e < 5 0 A 16 + 5 (r)/A(r) - Y Y Cs ^ qk/2 e<5 ' 

SeA^ 6 /Aiq 5EA^ 6 /Aiq kE'Z 

Theorem 8.3. (z) = T Aeni ^ (z, 0 Al 6 /A). 

Proof. From [C-S, Chap.4] (note that q — e niT in [C-S] although q = e 27TlT here), it 
follows that 0a 16 (t) = 1 + 0(q 2 ), 1/A(r) = q~ l + 24 + O(q), and 

6 > a v 6 (t) = VdetA 16 (i/r) 8 d Al 6 (-l/r) 

= 2 4 • 2 -9 [{$ 3 (t) 2 - d 2 (r ) 2 } 8 + { 0 3 (t ) 2 + 6 2 (t ) 2 } 8 + d 3 (r) 8 d 2 (r ) 8 

(8.18) + 30{d 3 (r) 2 - d 2 (r ) 2 } 4 • (d 3 (r ) 2 + 6 2 (t) 2 } 4 ] 

= 2 _5 [(1 - 2q 4 / 4 ) 16 + (1 + 2g 4 / 4 ) 16 + (4g 1 / 4 ) 4 (l + 4g 4 / 2 ) 4 
+ 30(1 - 2q 4 / 4 ) 8 (1 + 2q 4 / 4 ) 8 ] + 0(q) = 1 + 0(q). 

In particular, 5^0 implies that 6a 16+ s(t) — O(q) and thus 

(8.19) 0 Al6 (r)/A(r) = (q _1 + 24 + 0(q)) e 0 + Y °( 1 ) e < 5 - 

5^0 
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From Thereom 8.1, it follows that Taqit, , (z, F ) is a holomorphic modular form of 
weight 12 whose zero divisor coincides with the discriminant. Comparing weight 
and zeros, we get the assertion. □ 

§9. GKM Superalgebras Arizing from Am 

9.1 Generalized Kac-Moody Superalgebras and K 3 Surfaces. Following 
[G-N2], let us recall generalized Kac-Moody superalgebras (GKM superalgebra for 
short) associated to an algebraic K 3 surface. (For the general theory of GKM 
(super)algebras, see [Bol,2] and [G-Nl-3].) 

Let X be an algebraic K 3 surface and S := Picx its Picard lattice. Let Exc(.S') 
be the set of all —2-curves in X. Let C(S) — {v G Sr; (v,v) > 0} be the light 
cone of S and C + (S) be the connected component containing the ample class. Let 
Am(S'i) be the ample cone: Am(5i) := {/ G C + (S); (1,5) > 0, V<5 G Exc(S)}. Put 
Am(S) := Am(S'i) fl S v where closure is considered in C + (S). Let W(S) be the 
Weyl group of S. Then, A(S) — W(S)(Exc(S)) and Aul(Sr) is the fundamental 
domain for the action of IF(S') on (7 + (S). 

To define a Lie superalgebra associated to X, we need the set of simple roots. 
Let us put s A re := Exc(S) for the set of all simple real roots. Let s A^ m (resp. 
s Aj m ) be a sequences of elements in Am(.S') such that any a G Am(.S') can appear 
in s At m finitely many times; 

(9.1) S A™ = {m(a)*a; a G Am(5), (a, a) > 0}U{r(a)ja; a G Am(5), (a, a) = 0}. 

Here m(a)*,r(a)* G Z, and m(a)*a (resp. r(a)*a) implies that a appears m(a)* 
(resp. r(a)*) times in s A| m . An element of s A^ m (resp. s Aj m ) is called a simple 
even (resp. odd) imaginary root. Put s A* m := s A^ m U s Aj m for the set of all simple 
imaginary roots, and S A := s A re U s A* m for the set of all simple roots. Let us 
write S A = {hi}i e j (hi G S v ). Let A = (be the Gramm matrix. Namely, 
a ij = (hi, hj). As A satisfies the conditions of generalized Cartan matrix ([Bol]): 

(1) i ^ j implies a t j > 0, (2) hi G s A re implies an = —2 and a t3 G Z, 

we get a GKM superalgebra g(5, s A im ) := g'(A). (See [Bol,2], [G-N1,2] for details.) 
Let n+ := ^+ a \{Q} c NE(S') := NE(S'r) fl S v be the set of positive roots 

where NE(S'r) is the dual cone (Mori cone) to the ample cone Am (Sr). Let g Q be 
the root space attached to a G n + U{0}U—n + . Then, g(S, s A im ) admits root space 
decomposition: g(S, s A* m ) = (® a6 n+0a) © 0o © (© ae n+0-a), 0o = Sr. According 
to the decomposition into even and odd part, we get g a = g Q g ©0 a j. Multiplicity 
of a G n+ is dehned by mult(a) := dimg a g — dimg a j G Z. 

In view of Borcherds’s works, it is the denominator formula that connects GKM 
superalgebras and automorphic forms. We recall it when S admits a Weyl vector. 

Definition 9.1. p G Sq is a Weyl vector if (p, 5) = 1 for all 5 G Exc(S). 

For a G s A im , define m(a ) G Z by (1) m(a ) = m(a )g — m(a)i if (a, a) > 0, and 

(2) the following formal series if (a, a) = 0 and a is primitive, 

OO OO 

(9.2) (1 — g n ) r ( na ) — i m(ka) q k (r(na) r(no)g — r(na)i). 

n=1 fe=1 
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Theorem 9.1 ([Bol,2] (cf. [G-N1,2])). Suppose that S has a Weyl vector p. 
(1) For a GKM superalgebra q(S, s A irn ), one has the following identity; 


$ 


b(s.. 


; s A im )(z) '■ — det H{ ( 


2ni(w(p),z) 


wew(S) 
— g27T i(p,z) 


E 

re s A” 


m(r) e 


2n i(w(p-\-r) ,z) 


} 


no- 

a£ll+ 


,27 ri(c 


z) ^mult(c 


The formal series & g (s, s A im )( z ) I s sa id 1° be the denominator function. 

(2) Let \P(y) be a formal series with the following integral Fourier expansion: 




E 

wew(S) 


det {w){e 27ri{w(p) ’ z) - 


E 

rG Am (S) 


m(r) e 


2i ri(w(p-\-r) ,z) 


}• 


Define r(nr) G Z by (8.2) for primitive norm zero r G Am(S') and n G N. Let 
q(S, s A* m ) be the GKM superalgebra whose simple imaginary roots are 

s Ag m = {m(r)r; m(r) > 0, (r, r) > 0} U {r(r)r; r(r) > 0, (r, r) = 0}, 

s Aj m = {— m(r)r; m(r) < 0, (r, r) > 0} U {— r(r)r; r(r) < 0, (r, r) = 0}. 

Then, $ 8 (s, s & m )(z) = V(z). 

Among all the GKM superalgebras associated to K 3 surfaces, one of the fake 
monster Lie algebras constructed by Borcherds is the most beautiful and interesting. 

Let A ,S and T be the 2-elementary lattices defined by A := Ilyi © Es(— 2), 
T — II ljl (2) © A, S = T - 1 = II ljl (2) © E 8 (—2). A 2-elementary K3 surface of type 
S is the universal cover of an Enriques surface and T is the transcendental lattice. 
The period domain fig is realized as the tube domain A^ + —1C Y (A) as before (cf. 

(8.7)). Set p (0,1,0), p' (1,0,0). Then, p is a Weyl vector of A. 

Theorem 9.2 ([Bo2,4]). There exists a GKM superalgebra g(A, s A irn ) (one of 
the fake monster Lie algebras) whose denominator function, is the automorphic 
form over Og of weight 4 with zero divisor Ds ■ For liny 3> 0, one has the following; 

$(z) - det H e 2ni{pMz)) Hd- e 2nin{pMz)) Y~ 1)n8 

w<EW( A) n> 0 

_ e 27ri (PA> ^ _ e 27ri(r,«)^(-l) r ’ ( P-P / ) c ( r 2/ 2 ) 

ren+ 

where II + = Np U {r G A; p ■ r > 0} and Yh n >-i c ( n ) c l n = ?](r) _8 ?7(2r) 8 ?7(4r) _8 . 

Theorem 9.3. There exists a constant Cs ^ 0 such that As = Gg$. $(z) 2 is 
Borcherds’s product attached to the modular form F 0 of (8.12). 

Proof. Comparing the weight and zero of Ag and ( I ) . we get the first assertion. 
Regarding Ii,g(2) as a sublattice of A, we can prove the second assertion in the 
same manner as Theorem 8.1. □ 

Remark. We remark that l2,io(2) (not- the transcendental lattices IIpi © IIi ;9 (—2)) 
is used in (3) to construct Borcherds’s product. In [A], [Kn], Allcock and Kondo 
uses the similar relation between A and Iqg to study the moduli space of Enriques 
surfaces. 


9.2 GKM Superalgebras Arising from Am- We keep the notations in 
and study two classes of 2-elementary K 3 surfaces as before. 
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Theorem 9.4. There exists a GKM superalgebra attached to whose denomina¬ 
tor function is (up to a constant) As k (z). 

Proof. In view of Theorem 9.1 (2), it is enough to show that A$ k (z) admits the 
following integral Fourier expansion at the cusp; 

(9.3) A Sk {z) = C Sk det(w){e 2iri{w{pk) ' z) - m{r) e 2 ^ w ^ pk+r) ' z) }. 

wEW( Afe) reAm(A fc ) 

By Theorem 8.2, A$ k (z) has the following Fourier expansion at the cusp; 

(9.4) 4a,(*)=c s „ 5] n(r)e 2 ”^ 

reAVnC'(A fc ) + 

where n(r) E Z. By (8.4), (8.5), Theorems 7.3 and 9.2, one has 

(9.5) A Sk {w{z)) = lim f x . = det M A s k (*) (w E W{A k )) 

because w(Si) = S t for i < k — 1. Namely, n(w(r)) = det (w)n(r) for any r E Af 
and w E W{ A*.). Together with the same argument as [G-Nl, Theorem 2.3 (a)], 
one has r — pk E Am(A^) if n(r) ^ 0. Putting m(r) —n(r + pk), (9.4) becomes 

(9.6) A Sk (z)=C Sk det M -m(r)e 2 ™W pk+r ^ z l 

wEW(A k ) reAm(Afc) 


By Theorem 8.2, — m(0) = 1 which, together with (9.6), yields the assertion. □ 

To study the case of 2-elementary K 3 surface of type A, Borcherds’s ^-function 
of rank 26 is crucial. Let A 24 be the Leech lattice, and put L Ilyi © A 24 (—1). 
Let p = (0,1, 0) be a Weyl vector of L. 

Theorem 9.5 ([Bo2,3]). The denominator function $ of the fake monster Lie 
algebra is the automorphic form over Oip x ®l of weight 12 with only simple zero 
along the discriminant. The denominator formula becomes 




£ £ det(w/)r(n) e 27r *< w(p) ’ 2 > 

wEW(L) n >0 


= e 27ri{p ’ z) JJ (1 

r£ll+ 


e 2iri{r,z)\p2Ap-r 2 /2) 


where r(n) is the Ramanujan r-function, P 24 .(n) the number of partitions of n into 
24 colors, and II + = Np U {r G A; p ■ r > 0}. 

Theroem 9.6. 4/ a j_ is the denominator function of a GKM superalgebra. 

Proof. By Theorem 8.3, 4 / a j_(^) has the similar Fourier expansion as (9.4). Since 
= $|n n ffiA , it follows from Theorem 9.5 that \H A x (u>( 2 :)) = det(rc) ^ f A x(z). 
Thus, we get the assertion in the same manner as Theorem 9.4. □ 
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§10. An Explicit Formula for A Al and Au ± 1 ( 2 ) 

We determine an explicit formula for A Al and A Ul x ( 2 ) in this section. 

10.1 An Explicit Formula for A Al ■ Let ( X , t) be a 2-elementary K 3 surface 
of type A i- Then, X /1 — P 2 and the fixed curve X L is a smooth plane sextic 
curve where the quotient map X —> P 2 is the morphism associated to the complete 
linear system of ample line bundle of degree 2. As X L C P 2 has an ambiguity of 
PGL( 3, C) (arizing from a choice of 3 sections), there exists a morphism i : X4 ( Al 3 
[(A, 6)] -> [X L ] G Hl m /PGL( 3, C) where H s G m = P(Sym 6 C 3 ) v \L> 6 is the set of all 
smooth sextic curves in P 2 , and Dq is the discriminant locus of universal plane sextic 
curves 7i : C G —»► H G = P(Sym 6 C 3 ) v . Note that f = (£/) G P(Sym 6 C 3 ) v corresponds 
to the curve — {x G P 2 ; J2\i\ =6 Cix i = 0}- Conversely, if £,£' G H G m are in 
the same orbit of PGL( 3, C), and Cg are projectively equivalent and thus the 
double covers of P 2 blanching along and Cg are isomorphic. In this way, one 
verify i : M° Al = H s G m /PGL( 3, C) ([Sha]). 

We denote by A(C G /H G m ) the determinant of cohomology in the sense of §3.1. 
Let Jac : H G m 3 £ —> [Jac(C^)] G Aio be the Torelli map. As j Al — Jac o i 
and (Jac)*Ai 0 = A(C 6 /lL| m ) GZ A 3 ’ C ), we find X Al = i* A(C 6 /i7| m ) GL(3 ’ C ) where 
\{C G / H G m ) GL ^F) is the sheaf of GL(3, C)-invariant sections of \{C G / 17| m ). More¬ 
over, this identification is an isometry if A^i is equipped with the Petersson metric 
and if i*\{C q/ ff| m ) GL ( 3 > c ) with the L 2 -metric. Our first task is to construct a sec¬ 
tion of A®J 5 arizing from the discriminant of plane sextics. In the sequel, we put 
F(x;f) = J2\i\=6^i xI ■ By the Poincare residue sequence, we get the following. 

Lemma 10.1. If we denote by x,y,z the homogeneous coordinates of P 2 , then 




(J) C Resc ? 

i+j+k =3 


x l y 3 z k {x dy A dz — y dx A dz + z dx A dy) 
F{x,y,z;f) 


We define a local section of X(C G /H G m ) by 

( 10 . 1 ) 


<*>(£) : = A Res o 


i+j+k =3 


x l y 3 z k (x dy A dz — y dx A dz + z dx A dy) 

F( x ,y,z',0 


G det O 1 ). 


To be precise, if p : (Sym 6 C 3 ) v \{0} —> P(Sym 6 C 3 ) v is the natural projection, then 
w is a section of p*\{C§ / H G m ) over (Sym 6 C 3 ) v . 

Lemma 10.2. For any g G GL{ 3, C), g*ix = det(( 7 ) 20 c<; where GL( 3, C) acts on 
(Sym 6 C 3 ) v via the induced representation. 

Proof. From the definition of representation of GL( 3, C) on (Sym 6 C 3 ) v , it follows 
that F(g ■ (x,y, z); g ■ f) = F(x,y, z;f). Since GL{ 3, C) acts on det Sym 3 C 3 by 
det(-) 10 , we get g • A i+j+k=3 x l y j z k = det( 5 r) 10 A i+j+k=3 x l y J z k . By computation, 
we get g* (x dy Adz — y dx Adz + z dx A dz) = det(gr) (x dy Adz — y dx Adz + z dx A dz). 
Together with all of these, we get the assertion: g*(u>(g ■ £)) = det(( 7 ) 20 cn(£). □ 

Lemma 10.3. There exists a homogeneous polynomial D G (f) of degree 75 in the In¬ 
variable such that the discriminant locus of the plane sextics is div(T> 6 ). Moreover, 
for any g G GL{ 3, C), D 6 (g ■ f) = det(g)~ 150 D 6 (f). 
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Proof. Let v G : P(C 3 ) ■—> P(Sym 6 C 3 ) be the Veronese embedding. Put X := 
ff;(P(C 3 )) and X v C P(Sym 6 C 3 ) v for the projective dual variety of (X, Op(s ym 6 c 3 )(l))- 
By Katz’s formula ([Kt, Cor. 5.6]), X v is a projective hypersurface of degree 


(10.2) degX x 


^(P(C 3 )) 


1 + 3 H + 3 H 2 


/p( C 3) (l + u 6 * Cl (P(SynLC 3 ))) 2 J p(c 3 ) (1 + 6 H)“ 


= 75 


where H = Ci(P(C 3 )) is the hyperplane section of P(C 3 ). Take Dq(£) as a defining 
equation of X v . As X v is invariant under the action of GL( 3,C), there exists 
/ G Z such that D G (g ■ £) = det(gf) z -D 6 (£). Putting (7 = A /3 (A G C x ), we find 
/ = -150. □ 

Proposition 10.1. Ag(£) := D G (£f ) 2 ■ u ;(£)® 15 is a GL(3,C)-invariant section of 
p*A(C 6 ///| m ). In particular, we may regard A§ G H°(M° Ai , A®* 5 ). 

Proof. The first assertion follows from Lemmas 10.2 and 10.3, and the second from 

Z/°(Z/| m , A(C 6 ///| m )® 15 ) GL(3 ’ c ) = H°(M° Al ,X% 5 ). □ 

Let <5i, 62 G A(II 2 ,i8 © Ai(—1)) such that 8 i /2 G (Il 2 ,i 8 © Ai(~ l)) v and 82/2 
(Il 2 ,i 8 © Ai(—l)) v . Since = 0(Il2,i8 © (—1)), it follows from a theorem 

of Nikulin ([Nil, Proposition 1.15.1]) that A(II 2 j i 8 © A\{—l))/Y Al = {hi,h 2 }. In 
particular, V Al /V Al consists of 2 irreducible components: V Al /V Al = H§ 1 + H$ 2 . 

Lemma 10.4. A| vanishes of order 2 along H§ 2 . 

Proof. Since (A\ © 82 ) — A\ © A\{— 1 ), 2 -elementary K 3 surfaces over Hs 2 are 
those of type A\ © A\{— 1). Take a generic 2-elementary K3 surface (X, t) of this 
type. Then, Pic(X/z) = Ipi and X/l is a blow-up of P 2 at one point. This 
implies that the complete linear system associated to the nef and big line bundle 
of degree 2 maps X to P 2 and X' to a nodal sextic curve with one singular point. 
Conversely, given such a nodal sextic curve, the minimal resolution of the double 
cover of P 2 blanching along it is a 2 -elementary K 3 surface of type Ai © A\{— 1). 
This extends the isomorphism i : M Ai U i/^ —> H^ od /PGL( 3, C) and X Al = 

i*\{C G /H G od ) GL( ' 2 ‘A) where H nod 

is the set of all plane sextic curves with at most 
one node. By Proposition 10.1, we find Ag G H°(Hq‘ od , \(Cq/Hq' ° d )® 15 ) GL ( 3 > c ) — 
H°(M. Ai U Hg 2 , A^ 35 ). To compute the vanishing order of A] 2 , take a generic 
point p G H § 2 and its small neighborhood U. As u is regarded to be a nowhere 
vanishing section of X Al on U, the assertion follows from Proposition 10.1 because 
H S2 = div(£> 6 ). □ 

Lemma 10.5. Ag has an algebraic singularity along Hs 1 . 

Proof. By Shah’s result ([Sha]), H § 1 contracts to a point in H$ s /PGL( 3, C) corre¬ 
sponding to a smooth conic of multiplicity 3 where //| s is the set of all semi-stable 
sextic curves. If {CV t }p|<i is a degenerating family of sextic curves such that C A() is 
a smooth triple conic, then || A§(£ 4 ) || L 2 ~ |f| a (log \t\) b ( t —> 0) with some a, b G M. 
If ( U , s) is a holomorphic disc which meets transversally to Hs 1 at s — 0, then 


(10.3) 


^A 2 (s)|| ~ |s|'(log|s|) m (s —> 0) 


with some /, m G M because s and t are algebraically related. Since (A\ y 8 \) — IIpi 
and ^(IIip) = 10 = g(Ai), there exists a section, cr, of A ® 35 over U such that 
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||(t(s)|| ~ 1 (s —> 0 ) because Ja 1 (U) is away from the boundary component of 
the Siegel modular variety A\q. Since i*A|(s)/cr(s) is a holomorphic function on 
E/\{0}, it must be meromorphic on U because of (10.3). In particular, m — 0 and 
A§ has zero (or pole) of order / G Z along H$ 1 . □ 

Let E i, E 2 be divisors on PIa x defined by E\ = and E 2 — Hg 

where 5 runs over A(Il 2 ,i 8 © Ai(—1)) and <5 ~ S' if 6 = 7 -5' for some 7 G 
r^ 1 . Identify A \ to be a r Al -invariant section of A 7* 5 over fl Al , namely Ag G 
H°(Qa 1 , A®J 5 ) rA i. Since the quotient map —■> M. Al blanches of order 2 along 

T>a x = E 1 + E 2 , we get the following from Lemmas 10.4 and 10.5. 

Lemma 10.6. Ag vanishes of order 21 (/ G Z) along E\ and of order 4 along E 2 . 

Proposition 10.2. \I / Il2 ^©^(- 1 ) (z, ®e 7 / A) is a modular form of weight 75 with 
zero divisor 57 E\ + E 2 where ©e 7 (t) is the theta series of the Ej-lattice. 

Proof. Since ©,e 7 (t)/A(t) is a modular form of type p Il2 i 8 ©^i(-i) °f weight —17/2, 
we can construct Borcherds’s product ^iia 18 ©a 1 (_ 1 )(' 2: , ©s 7 /A) by Theorem 8.1. 
Since 9e 7 (t ) = 1 + 126g + 0(q 2 ), 0 Er + 1 / 2 (t) = 56g 3 / 4 + 576g 7 / 4 + 0(q 2 ) and 
1 /A(t) = q - 1 + 24 + O(q) (cf. [C-S]), we get 

(10.4) @ E 7 (t)/A(t) = (q - 1 + 150 + O(q)) e 0 + (56q _1/4 + 0(q 3/4 )) e x . 

By Theorem 8.1, ^iij 18 ®a 1 (- 1 )( 2 , 6 e 7 /A) has weight co(0)/2 = 75 whose zero 
divisor is ^ <5eA(Il2>l80Al( _ 1)) H s + 56^ (5eA ( Il2ii80j4i (_ 1 ))^/ 2e ( Il2ii80Ai (_ 1 ))v H s = 
57 E\ + E 2 . EH 

Theorem 10.1. A^z) = C Al A 3 (z)/^ Il 2 jl 8 eAl( _i)( 2 :, ©£ 7 /A). 

Proof. Put F(z) := A%(z)/[A Al (z) 15 ■ T Il218 ©n l( - 1) (^, ©s 7 /A)]. Since A Al is an 
automorphic form of weight (—5,4), Ag of (0,15) and Tn 2 180 7 l( _i) (z, Oe 7 / A) of 
(75,0) by Theorem 7.2, Propositions 10.1 and 10.2, F is an automorphic form of 
weight (0, 0). Namely, taking a higher power of F if necessary, F is a T^-invariant 
meromorphic function on kt Al , thus a meromorphic function on the modular va¬ 
riety Ma x ■ Prom Theorem 7.2, Lemma 10.6 and Proposition 10 . 2 , it follows that 
div(.F) = 8(1 — 9)Ei. Since F extends to a meromorphic function on the Satake- 
Baily-Borel compactification of A4 Al i the residue theorem implies / = 9 and F 
must be a (nonzero) constant. □ 

Remark. It seems that it is in [B-K-P-S-B] that 18 0 ^ 101 )(z,©e 7 /A) first ap¬ 
peared. From their construction, its Weyl vector is the projection of that of 
Hi ,1 © Es(—1 )® 3 to Hip © Eg( —l )® 2 © Ai(— 1). They used this modular form 
to show that the moduli space of K 3 surfaces of degree 2 is quasi-afhne. See [B-K- 
P-S-B, Theorem 1.3 and Example 2.1] for the details. 

10.2 An Explicit Formula for An 11 ( 2 )- Let (X, 1 ) be a 2-elementary K 3 
surface of type 11 17 (2). (A, t) is said to be generic if E ■ t(E) > 0 for any —2-curve 
E. (Equivalently, E + t(E) lies in the positive cone: (E + l(E )) 2 > 0.) Let e, / 
be a basis of 1117 ( 2 ) such that e 2 — f 2 — 0 and e ■ f — 2. Let 0 be a marking of 
(. X , i). If it is generic, we may suppose that C e <f~ l (e ) and Cf <f>~ 1 (f) are nef 
divisors because 2 C e ■ E — C e ■ (E + t(E)) > 0 for any —2-curve E. Thus, X has 
two elliptic fibrations associated to the linear systems \C e \ and \Cf\. Since C e + Cf 
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is ample, the linear system C e + Cf induces a finite surjective morphism $ : X —> 
P 1 x P 4 (c P 3 ), because H°{X , <f>-\e + /)) = H°(X, ^(e)) <g> H°{X, By 

the Lefschetz formula, these spaces consist of 6-invariant sections. Thus $ induces 
a map; <f>/6 : X/l —> P 1 x P 1 . As it induces an isomorphism of the Picard lattice, 
it must be an isomorphism. Thus, any generic 2-elementary K 3 surfaces of type 
111,1(2) is realized as a double cover of P 1 x P 1 blanching along a smooth curve 
of bidegree (4,4). By this description, we can construct the discriminant of fixed 
curves as that of curves of bidegree (4,4) on P 1 x P 1 . 

Let H 44 = P(Sym 4 C 2 (8) Sym 4 C 2 ) v be the set of all curves of bidegree (4,4) 
on P 1 x P 1 . As before, £ = (Cij,kl)i+j= 4 ,k+l =4 £ #4,4 represents the curve defined 
by C£ := {((+ y), (z, w)) G P 1 x P 1 ; £ij,kix l V 3zk w l = 0}. Let 7r : C 4;4 -> H 4A 
be the universal family i.e. 7r _1 (£) = C X i, on which acts the group of projective 
transformations PG P(GL( 2, C) x GL{ 2, C)). Then, above description implies 
an isomorphism i : Adj^ ^ 9 [(X, 6)] —> [X L ] G Hfff/PG where H "f™ is the set of 
all smooth curves in H 44 and Adjj 3 i( - 2 ^ is the set of all isomorphism classes of generic 
2-elementary K 3 surfaces of type II], 1 (2). Let A(C 4 , 4 /iL 4;4 ) be the determinant of 
cohomology on which acts G GL( 2,C) x GL( 2,C). Note that the action of G 
is not effective. As before, we get an identification Ai^ , l(2) - i*A(C 4)4 /iL 4 4 d ) G on 
Adjj® i( - 2 ^ UDj 0 ^ i ^ 2 j where id 4 ( 4 d is the set of all curve of bidegree (4, 4) with at most 
one node . Put F(x,y,z,w;£) := Yli+j=k+i= 4 &j,ki x% y 3 z k w l . We regard (x,y) and 
(z, w) as the homogeneous coordinates of P 1 . By the Poincare residue sequence, we 
get the following. 

Lemma 10.7. 


H°(c s ,nb t )= ® < 

i-\-j=k-\-l —2 


' Res Cf 


x l y J z k w (x dy — y dx ) A (z dw — w dz) 
F( x , y, z, w, £) 


As before, let us define a local section of A(C 4;4 /1L 4 4 d ) by 
(10.5) 

«(£):= A R txc pFFi O^-ydx) Aj zdw - wdz) £ det ^o^i; 

i +j =k+i =2 F(x,y,z,w;£) 


Lemma 10.8. For any (g, h) G G, (g, h)*co = (det (<7) det(/r)) 18 u>. 

Proof. Since the proof is similar to that of Lemma 10.2, we leave it to the reader. □ 

Lemma 10.9. There exists a homogeneous polynomial _D 4j4 (£) of degree 68 in 
the £-variable such that the discriminant locus of n : C 4;4 —> ld 4 , 4 coincides with 
div(_D 4;4 ). Moreover, for any ( g , h) G G, D 4j4 ((g, h)-£) = (d et(g) det (h))~ 136 D 4j4 (£) . 

Proof. Let Q — P 1 x P 4 (c P 3 ) be a hyperquadric. Since the line bundle of bidegree 
(4, 4) is —2 Kq (. Kq is the canonical bundle), let us consider the Veronese embedding 
t>4,4 : Q » F(H°(Q,—2K Q )) W . Let X := v 4 ^ 4 (Q) be the image and X w be the 
projective dual variety of (X, C , p(J7°(Q,-2A'q)) v (1))- By Katz’s formula ([Kt, Cor. 
5.6]), X v is a projective hypersurface of degree 


(10.6) degX v = 


c(Q) 


1 + 2 H + 2 H‘ 


l Q (1 + V*4,4Cl (P(^°(0, -2 Kq)Y)Y J q 
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where H — Op 3 ( 1 ). Let _D 4j4 (£) be a defining equation of X v . Since X v is 
stable under the action of G, there exists l G Z such that D 4 ^((g,h) ■ £) = 
(det(g) det(/i)y _D 4;4 (£). Putting g — XI 2 , h — I 2 , we find l — —136. □ 

Proposition 10.3. A| 4 (£) := -D 4j4 (£) 9 • u;(^)® 68 becomes a G-invariant section of 
X (C 4;4 /IL 4)4 d ). In particular, we may regard A 4j4 (£) 9 G H°(M^ i A^® 8 ^). 

Proof. The assertion follows from Lemmas 10.8 and 10.9. □ 

Lemma 10.10. The discriminant locus H := 1 ( 2 )/rn 1 ^ 2 ) is an irreducible 

divisor of M. x ( 2 ). A 9 4 vanishes of order 9 along H. 

Proof. The first assertion follows from Nikulin’s theory ([Ni, Proposition 1.15.1]), 
and the second from Proposition 10.3. □ 

Let us discuss special 2-elementary K 3 surfaces of type II 11 ( 2 ). A 2-elementary 
K 3 surface of type IIi ? i(2), (X, t), is said to be special if it has a —2-curve E 
such that E and l(E) is disjoint. (This definition is analogous to that of Enriques 
surfaces ([B-P-V-V, Theorem 18.2], [Na, Remark 4.6]).) Let <f> be a marking of 
(X, t) and I f) o Pcj)- 1 be the involution induced by t. Put 5 := <f>(E) G X(Lkz)- 
Then, (6,1(5)) = 0 by assumption. Let T (IIi i(2)) J - = IIi j 4 (2) © 1^17 be the 
transcendental lattice. Let p : Lk 3 —> T' J be the orthogonal projection. We set 
d := p(5) = (6 — 1(5 ))/2 G T v . Then, d 2 = —1 and d = (e + /)/2 mod T where 
{e,/} is the basis of IIi i(2) as before. Conversely, if d! G T v is a vector such 
that (d!) 2 = —1 and d! = (e + /)/2 mod T, one can easily verify that there exists 
5 ' G A (Lks) such that (A', /(A')) = 0 and c/' = p(A'). 

Lemma 10.11. (X, t) is a special 2-elementary K 3 surface of type IIi )4 (2) iff its 
period lies on the divisor := J2 deT -v d 2 =-i H d . 

Proof. Suppose that (X, t) is special. Let cu be a canonical form of (X, t). Let E be 
a —2-curve as above. Since (cu, E) — (4 >(uj), d) = 0, we get 4>(uj) G Hd- Conversely, 
let (X, t, <f>) be a marked 2-elementary K 3 surface of type II 11 (2) whose period lies 
on H d C V. Let 5 G A(Lk 3 ) such that (5,1(5)) — 0, p(6) — d. Let E — <f~ l (5) be 
an effective divisor and E — X) m i Ci + n j Ej be the irreducible decomposition 
where Cf > 0, E 2 — —2 and rrii, rij > 0. By assumption, (. E,l(E )) = 0. Thus, 
0 > (X] n jEj ,X] n j 1 ( E 3 ))- Suppose that there is no Ej such that (Ej,i(Ej)) = 0. 
Since there is no 6-invariant- —2-curve and P 2 > —2 for any irreducible curve, we 
get (Ej, i(Ej)) > 2. Note that (E, l(E)) = (E + t(E )) 2 /2 — 2 = 0 mod 2. Since 

0 > <E n jEj, E Uji(Ej)) > E (niEi + njEj, nit(Ei) + njt(Ej)) 

Ej=t(Ei) 

(10 7) — ^ ^ (ujE-j T rijEj, n^Ej T njEf) 

Ej=i(Ei) 

> ^ 2 (m - nj) 2 > 0 , 

Ej=i(Ei) 

we can rewrite ^ rq-E) = Jj) ni t (Ek + i(E]f)). As (E^ + l(E}/)) 2 > 0, it is impossible 
that X 2 = —2. Thus, (Ej, i(Ej) = 0 for some Ej and we get the assertion. □ 
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Lemma 10.12. A| 4 has an algebraic singularity along H' := ^j/Tiq 

Proof. Since special 2-elementary K 3 surfaces of type IIi ; i(2) are realized as a 
double cover of singular quadric surface like special Enriques surfaces (cf. [B-P-V- 
V, Theorem 18.2]), we can prove the assertion analogously to Lemma 10.5. □ 

Let us regard 4 as a T IIl ^ 2 )-invariant section of A^ 8 ^ over 0 TIl l( - 2 ). 

Lemma 10.13. div(A 4 4 ) = 18TTj Tl l( - 2 ) + / T ) ] Ii ( ^ for some l G Z. 

Proof. Since the projection map f2 TIl ^ 2 ) —> Aim 1 ( 2 ) ramifies of order 2 along the 
discriminant locus, we get the assertion by Lemmas 10.10, 10.11, and 10.12. □ 

Let eoo, eoi, eio, en be the basis of C[T V /T] = C[IIi ; i(2) v /IIi i i( 2)] such that e a p 
corresponds to (cue + (3 f)/2 G IIi ) i(2) v . Let /(r) := ?y(r) _8 ?7(2r) _8 be a modular 
form for To(2). Modifying Proposition 8.1 for Pq( 2), we can verify that 
(10.8) 

f(r) ■= f(r) eoo+8{/(r/2)+/((r+l)/2) (eoo+e 0 i+eio)+8{/(r/2)-/((r+l)/2) e n 
is a modular form of type pT of weight —8. 

Proposition 10.4. 4 *t(z, /) := /) is a modular form of weight 68 with zero 

divisor X>m,i(2) + 16V n 1 . 1 ( 2 )- 

Proof. Since ??(t) -8 ?7(2t)~ 8 = g _1 + 8 + O(q), we get 

(10.9) f(r) — (q 1 -(-132 + 0(g)) eoo + 0(1) (eoi + eio) + (16g + ^(g 1 / 2 )) e n , 

which, together with Theorem 8.1, yields the assertion. □ 

Theorem 10.2. = C llll{2 ) Ap^V^iii, 1 ( 2 ) 011 !, ir (z, t](t)- 8 t](2t)- 8 ). 

Proof. Put F(z) Al A (z)/[A Ul l{2) (z) 17 -^ UlA(2 )®u 1}ir (z,v(T)- 8 7](2T)- 8 )\. Since 
An! i( 2 ) is an automorphic form of weight (—4,4), A| 4 of (0,68), and 4 t T (z,f) 
of (68,0), F(z) is a Pip p 2 )-invariant meromorphic function on 1 ( 2 )- From 
Theorem 7.2, Lemma 10.3 and Proposition 10.4, it follows that div(T) — (l — 
16)1?^ / 2 x. Thus, F descends to a meromorphic function on Alip ^ 2 ) with divisor 
(/ — 16)lT/2. By the residue theorem, we get / = 16 and F must be a nonzero 
constant. □ 

Remark. As in the case of Borcherds’s ^-function, we can show 

^ f n 1 ,i( 2 )©n 1 , 17 ( z ’ v( T )~ 8 vi .^ T )~ 8 ) 2 = ^12,18(2) (A ? 7 (t) - 16 ? 7 ( 2 t) 16 ? 7 ( 4 t) 16 ) 

if we regard II 11 (2) = {mh + n5 G Iqi; m = n mod 2} and 11(2) © Ipm as a 
sublattice of l 2 ,is- Here, h 2 = 1, 5 2 = —1, and h ■ 6 — 0 is the basis of Ipi. It is 
interesting that ?7 (t) _16 ?7(2t) 16 ?7(4t) 16 is the square of the modular form used to 
get Borcherds’s T-function. 
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§11. A Theta Product and Borcherds’s Product 

The Nikulin type of the lattice S$ in (8.5) is (■ r,l,S ) = (16,6,1) and a 2- 
elementary K 3 surface of type S$ is the minimal resolution of the double cover 
of P 2 blanching along generic 6 lines. Therefore, the moduli space of 2-elementary 
K 3 surfaces of type £5 is isomorphic to the configuration space X(3, 6 ) of six points 
in P 2 , and the period map induces a morphism Prd : X(3, 6 ) —> M.s 5 - In [Ma], 
Matsumoto described the inverse of the period map by using the theta function. 
Let EI 2 be the domain defined by H 2 := {W G M(2, 2; C); ( W — W*)/2i > 0} where 
W* — t W. Identification of H 2 and s 5 = A 5 + \/—1Ca 5 is given by 
( 11 . 1 ) 

/ Vn + yo±m±M±m \ 

e 2 9 y = ( Vo+Vl+V2 _ iVs ^ )->(!:- det y : y 0 : yi : y 2 : y 3 ) e 12 Ss 

under which T m{ 1 + i) (an arithmetic subgroup of Aut(Hl 2 )) is identified with Tg 5 
by [Ma, Proposition 1.5.1]. Note that the quadratic form attached to A 5 is given 
by q{y) = 4det(y). On H 2 exist theta functions, ten of which are represented by 

(11.2) 0 a ,b{W) = ^ expni {(m + a)*W(m + a) + 2Reb*m} 

mez[v^T ] 2 

where a, b G {0, (1 + i)/2 } 2 with a*b G Z. Any one of these ten theta functions is 
said to be an even theta function in this paper. 

Theorem 11.1. Via the identification ofVts 5 with HI 2 , 2 12 Z\s 5 = Eleven 

Proof. By [Ma, 1.4, Proposition 1.5.1 and Lemma 2.3.1], div(0 ai h) is the rs 5 - 
orbit of -ff a (a,b) + where a(a,b),a'(a,b) G A(T 5 ) are roots defined in [Ma, 

1.4] . (By [Ma, 2.3], (a, b) corresponds uniquely to a partition of {1, - • - , 6 } into 
{i,j, k} U {l,m,n}. Then, a(a,b ) := a(i,j,k ) and a'(a,b) := a(l,m,n ) in [Ma, 

1.4] .) In particular, on 12 s 5 , one has 

(11-3) div(jj0 a , & ) = ^22a(a,&) +H a , {ajb y 

By [Ma, Proposition 3.1.1], (E[ 0 a ,b) 2 becomes a modular form of weight 20 relative 
to T m( 1 + 2 ). Consider the function A| g /(E[ C «,&) 2 (or its higher power if necessary) 
which descents to a meromorphic function on Ads 5 by the automorphic property. 
Compared with Theorem 7.2, it has no pole and thus is a constant. Namely, there 
exists a constant C such that C As 5 — E[ ©o, 6 - Comparing the first 11011 -zero Fourier 
coefficient ([G-Nl, (1.7)]), we get C = 2 12 . □ 



and hg = h —67 —5s, 5 ' 7 = h — 5 q — 5%, 5 ' 8 — h — 5 q — 67 . Then, the set of simple roots 
of A 5 is {h 6 , 5 7 , 5s, 5q, 5' 7 , hg}, and the Weyl vector is 2 p 5 = E 6 <i<8 s i + E 6 <i<8 S i- 
Put q t = e 2niyi (1 = 0,1, 2, 3), y = y 0 h + y^Q + y 2 5 7 + y 3 5 8 and r = r 0 h + r x 5 G + 
r 2 5 7 + r 3 5 8 G H 2 . Comparing Theorem 8.1 and 11.1, we get the following. 

Corollary 11.1. 

2- 12 n = shrw 1 n n 

(a,b) even ee{0,l} r£ n+(A 5 ) 

where n+(A 5 ) = (E 6 <i<s( Z + f )>o S * + E 6 <*<8( Z + f)>o^)\(°}> and ( c 5,eW} ™ 
the same as in Theorem 8.2. 
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